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Abstract. In order to encode strong reactions of the high energy physics, by 
means of quantum nonlinear propagators in the Prastaro's geometric theory 
of quantum super PDE's, some related geometric structures are further de- 
veloped and characterized. In particular super-bundles of geometric objects 
in the category of quantum supermanifolds are considered and quantum 
Lie derivative of sections of super bundle of geometric objects are calculated. 
Quantum supermanifolds with classic limit are classified with respect to the 
holonomy groups of these last commutative manifolds. A theorem characteriz- 
ing quantum super manifolds with structured classic limit as super bundles of 
geometric objects is obtained. A theorem on the characterization of chi-fiow on 
suitable quantum manifolds is proved. This solves a previous conjecture too. 
Quantum instantons and quantum solitons are defined are useful generaliza- 
tions of the previous ones, well-known in the literature. Quantum conservation 
laws for quantum super PDEs are characterized. Quantum conservation laws 
are proved work for evaporating quantum black holes too. Characterization 
of observed quantum nonlinear propagators, in the observed quantum super 
Yang-Mills PDE, by means of conservation laws and observed energy is ob- 
tained. Some previous results by A. Prastaro about generalized Poincare con- 
jecture and quantum exotic spheres, are generalized to the category £lhyper,S 
of hypercomplex quantum supermanifolds. (This is the first part of a work 
divided in three parts. For part II and III sec [84, 85].) 



AMS Subject Classification: 55N22, 58J32, 57R20; 58C50; 58J42; 20H15; 
32Q55; 32S20. 

Keywords: Integral (co)bordisni groups in quantum (super) PDE's; Existence of 
local and global solutions in hypercomplex quantum super PDE's; Conservation 
laws; Crystallographic groups; Quantum exotic superspheres; Quantum exotic su- 
per PDEs. 



1. Introduction 



The algebraic topologic theory of quantum (super) PDE's formulated by A. Prastaro, 
allows to directly encode quantum phenomena in a category of noncommutative 
manifolds (quantum (super) manifolds) and to finally solve the problem of unifica- 
tion, at quantum level, of gravity with the fundamental forces [61, 64, 65, 66, 67, 
68, 70, 73, 75, 77, 78]. In particular, this theory allowed to recognize the mecha- 
nism of mass creation/distruction, as a natural geometric phenomenon related to 
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the algebraic topologic structure of quantum (super) PDEs encoding the quantum 
system under study [78]. 

Let us emphasize that with the algebraic topology of quantum (super) PDE's, for- 
mulated by A. Prastaro, we can also go beyond the paradox of the wave-particle 
duality, and the probabilistic interpretation ( Copenhagen interpretation) of the wave 
function, introduced in quantum mechanics by Dc Broglie [9, 10], that even if ac- 
cepted for practical reasons, was conceptually non well convincing. (Let us recall 
the Einstein's slogan, "God does not play dice claimed in the famous Fifth 
Solvay International Conference, 1927.) Really in the geometric formulation of 
quantum PDEs, we solve the wave-particle duality and obtain a purely geometric 
formulation of quantum phenomena. In a sense the situation is similar to the para- 
doxical ether, as the medium of propagation of electromagnetic radiation, wrongly 
assumed as a necessary support in the Maxwell's dynamics of electromagnetism. In 
fact, nowadays wc can encode quantum particles, and interactions between them, 
uniquely as geometric objects (p-chains), solutions of suitable quantum (super) 
PDEs, i.e., PDEs in the category Qs of quantum supermanifolds, as introduced by 
A. Prastaro. Really it is the same concept of "fundamental particles", related to 
the belief that there are some fundamental bricks building all Universe, in a LEGO 
blocks game sort, that the noncommutative and nonlinear theory of quantum super 
PDEs proves to be completely unjustified.^ From this point of view it is not diffi- 
cult to understand that also the concept of confinement reserved to quarks can be 
"broken" under suitable energy conditions, by generating, e.g., meson decays into 
quarks, antiquarks and gluons, or baryon decays into quarks and gluons.^ With this 
respect, it is also clear that the Gell-Mann's standard model for hadrons, cannot be 
considered the last frontier in High Energy Physics ! 

The geometric theory of quantum (super) PDE's allows us to recover also the posi- 
tive aspects of classical instantons. In fact, we can define quantum super-instantons, 
singular solutions of the quantum super Yang-Mills equations, that being localized 
in the quantum Minkowskian spacetime M , justify their names (similarly to classi- 
cal instantons). Furthermore, singular solutions can encode tunneling effects, that, 
as it is well known, is a phenomenon that can be associated to classical instan- 
tons. Furthermore quantum particles can be seen as quantum super- solitons in the 
framework of solutions of quantum super Yang-Mills equations. 
Aim of this work, divided in three parts, is to show how nuclear and subnuclear 
reactions can be encoded as boundary value problems in the algebraic topology of 
quantum (super) PDE's, as formulated by A. Prastaro. For this is fundamental 
the concept of quantum nonlinear propagator, and its representation in terms of 
elementary reactions. (Part II and Part III arc quoted in [84, 85].)'^ This aspect 



Nowadays we have also experimental evidences that such fundamental bricks do not exist. 
What it is considered "fundamental" can be broken, when enough energy is available and suitable 
apparatus are arranged for. (See, e.g., electron decay into spinon and orbiton [90], or electrons with 
fractional electric charges [21], and LHC experiments producing new quasiparticlcs by breaking 
proton.) 

quark-gluon plasma state, where quarks and gluons arc not more confined, has been recently 
observed in some experiments. ("LHC experiments bring new insight into primordial universe" 
(Press release). CERN. 26 November 2010.) 

■^For complementary information on High Energy Physics related to the subject considered in 
both part I and part II, see, e.g., Refs. [5, 7, 14, 15, 16, 17, 19, 20, 21, 22, 25, 26, 35, 40, 41, 53, 
55, 56, 88, 96]. 
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is related to a decomposition theorem for quantum nonlinear propagators that we 
prove for solutions of boundary value problems in quantum super PDEs, and that 
will be developed in the second and third parts. This first part is instead devoted to 
some important preparatory subjects on the geometry of quantum super PDEs that 
will be utilized in the next parts, to encode strong reaction dynamics. In particular, 
we will generalize to the category 0.s of quantum supermanifolds, the structure of 
super-bundle of geometric objects, first introduced by A. Prastaro, in the framework 
of category of commutative manifolds in [57, 58]. This structure gives a general 
framework where characterize physical fields in a fully covariant way. In particular 
it applies to PDEs defined on some higher order G-structures. 
Another subject that will be developed in this first part and that is very important 
to encode strong reactions, is the characterization of conservation laws for PDE's 
built in the category 0s. These are functions defined on the integral bordism 
groups of such equations and belonging to suitable Hopf algebras {full quantum 
Hopf algebras). In particular, we specialize our calculations on the quantum super 
Yang-Mills equations, quantum black holes as particular sections there, and the 
characterization of observed quantum nonlinear propagators by means of conserva- 
tion laws and observed quantum energy. 

The last subject considered in this first part, is devoted to PDE's in the category 
Qhyper.s of quantum hypercomplex supermanifolds, as defined in [83], and will focus 
our attention on quantum exotic super PDE's, i.e., quantum super PDE's where we 
can embed quantum exotic super- spheres. For such Cauchy data we will generalize 
our previous results on quantum exotic PDE's [83] . Exotic boundary value problems 
are of particular interest in strong reactions encoding quantum processes occurring 
in high energy physics, as we will show in the second and third parts of this work. 
In the following we show as it is organized the paper and list the main results. 2. 
The concept of super bundle of geometric objects (see [57, 58]) is generalized to the 
category Qg for quantum super manifolds. This is necessary in order to obtain fully 
covariant structures, as requested in generalized mathematical structures that aim 
encode physical structures. Theorem 2.9 that characterizes PDEs as superbundles 
of geometric objects. Theorem 2.10 classifies quantum supermanifolds, with classic 
limit, with respect to the holonomy groups of these last commutative manifolds. 
Theorem 2.12 characterizes quantum super manifolds with structured classic limit 
as super bundles of geometric objects. Theorem 2.16. Here we define quantum 
(y any quantum (super)manifold M having as classic limit Mc = Q^. (This is 
the spinor bundle Q*" — > S^, with fibers.) We say quantum x-fl-ow on M, any 
quantum flow that projects on the classic limit in a x-fiow [4]. Then we have 
that a quantum x-fiow represents diffeomorphically any homotopy 3-sphere, S"^ C 
Q^, onto C Q^. This also solves a previous conjecture formulated in [4] for 
commutative manifolds. Definition 2.18 gives useful generalizations of previous, 
well-known definitions of instantons and solitons in the category Us- 3. Previous 
Prastaro's results on the quantum conservation laws of quantum super PDE's are 
resumed. These are necessary in order to obtain the new results on quantum strong 
reactions obtained in the second part. Theorem 3.17 characterizes quantum black- 
hole dynamics by means of quantum integral characteristic supernumbcrs: these are 
conserved through a non-weak quantum evaporating black-hole. Theorem 3.20 and 
Corollary 25 give a precise meaning to the phenomenological concept of conservation 
of energy during an observed quantum process. 4. Here we explicitly extend to the 



4 



AGOSTINO PRASTARO 



category £lhyper,s of hypercomplex quantum supermanifolds, previous results, in 
the category Qhyper of hypercomplex quantum manifolds, given in [83] and in the 
category of quantum supcrmanifold [70, 75]. In particular, Theorem 4.6 explicitly 
extends to the category Qhyper.s Sl previous result about the generalized Poincare 
conjecture in the category £}s- (See [75].) Theorem 4.7 classifies diffeomorphic 
classes of hypercomplex quantum homotopy superspheres. Theorem 4.39 classifies 
integral bordism groups in quantum hypercomplex exotic super PDEs. Theorem 
4.40 characterizes integral h-cobordism in quantum hypercomplex Ricci flow super 
PDEs. 

2. Super-bundles of geometric objects in the category £Js 

The quantum fundamental fields of physics, i.e., electromagnetic, gravitational and 
nuclear fields, all must obey the full covariance requirement that can be codified 
generalizing to the category £}§ the structure of super-bundle of geometric objects, 
first introduced by A. Prastaro, in the framework of category of commutative man- 
ifolds in [57, 58].-* 

Remark 2.1 (The concept of full covariance in £2s). Similarly to what happens 
in the classical field theory, the concept of full covariance is fundamental in any 
quantum field theory. A quantum field is considered a section s of a suitable fiber 
bundle t: : W ^ M in the category Og. To say that s is fully covariant it means 
that for any local diffeomorphism (j) of the base M we can calculate the pull-back 
(j)* s of s by means of (j): 

(j>*s = M{(f>) o so 

where B(0) is a local application on W , canonically associated to (j) on M , such 
that the following diagram is commutative: 

H't>) 

W\u W\jj 



u 

// this circumstance is verified, we say that n : W ^ M is a natural fiber bundle ( or 
fiber bundle of geometric objects ), in the category 05. We write: {tt : W —?' M, B). 
A generalization of this concept is that of super-fiber bundle of geometric objects 
introduced in [57, 58]. A quantum physical field is fully covariant iff it is a quantum 
superfield, that is a section of such a structure. 

Definition 2.2. A structure of superbundle of geometric objects in the category 
Qs, is given by two fiber bundles W^-^ MV^ B over the same base M and a co- 
variant functor M : C{B) — > C{W), where C{B), (resp. CiW)) is the category whose 
objects are open subbundles of B (respectively, open subbundles of W ) and whose 
morphisms are the local fiber bundle authomorphisms between those objects such 
that: 



^See also Prastaro's algebraic topology of PDEs [59, 60, 61, 62, 63, 67, 69, 71, 74, 76, 79, 80, 81, 
82] in order to better understand its generalization to the category of quantum supermanifolds. 
Interesting applications can be found in [2, 3, 39, 86, 87]. For basic information on the geometry 
of PDE's see [12, 18, 23, 27, 38]. For basic information on algebraic topology see [34, 42, 43, 44, 
46, 49, 54, 91, 92, 93, 94, 97, 98, 99, 100, 101, 102]. 
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Table 1. Examples of super fiber bundles of geometric objects in 
the category Qs 



Fiber bundle of geometric objects 
derivated from a fiber bundle of geometric objects {-k : W - 



■ A/;B) 



Name 



Tangent bundle 

Cotangent bundle 

Bundle of tensors 

Full quantum tangent bundle 

Full quantum cotangent bundle 

Dot bundle of tensors 

Bundle of derivative of sections 

pull-back of Ds, tti o Ds — id^f 



TM -> 

T'M - 
T^M - 
TM 
T+M - 
f:M - 



M, B = T) 



> M,M = T') 

> A/,B = TJ) 
A/, B = f ) 
+ M,B = T+) 
>A/,B=TJ) 

JD{W) -V M; B'l)) 
B(l) = JD(-) = Ho,nm(T{-);TM(-))\jD(w) 
(p'Ds = Ho7nm(T(<f>):TB(<l>-^)) oDsotj, 



Super fiber bundle of geometric objects 
derived from a super bundle of geometric objects {ttq : S — >■ A/ 14^ : ttvi^; B) 


Name 


Definition 


Quantum bundle of derivative of sections 
pull-back of Ds. 7Vi o Ds — idj^j 


(ttb : B ^ AI ^ JD(W}:7Ci; B^^') 

B(i) = JD(-) = Hornz{Ti-)-TE{-))\j^^^y^ 

q}*Ds ^ Homz{T{<p);TM{4)-'^)) o Ds o (p 



i) ifB\u e ObiC{B)) B{B\u) = 7^-^w{U) £ Ob{CiW)); 

ii) if f e Hom{C(B)) with f = {/bJai) ■ B\U B\U' , then B(/) e Hom{C{W)) 
and satisfies: 

iii) -Kw o B(/) = /m o t^w; 



iv) if B\U ^ Oh{C{B)), U ^nf)\^lAU) ^M[f\B\jj). 

W is called the total bundle and B the base bundle. A section of ttw is called a 

quantum superfield of geometric objects. 

The situation is resumed in the commutative diagram in (1). 




Example 2.3 (G-structures in the category Qs)- G-structures in the category Qs 
are reductions of principal bundles of {r\s)- frames, on a {m\n) -dimensional quan- 
tum supermanifold, natural generalizations of analogous structures on commutative 
manifolds [59] . 

Example 2.4. In Tab. 1 are reported some further distinguished examples of 
(super) -bundles of geometric objects in the category 05 . 

In the physical applications it is important to consider the following. 

Theorem 2.5. Let (P, A/, tt; G) be a principal fiber bundle with structure group 
G in the category Qs- Let W = P x F/G be a fiber bundle associated to P with 
fibre F. Then, there exists a canonical covariant functor M such that {P,W;M) is a 
superbundle of geometric objects if we restrict the category C{P), whereM is defined, 
to the subcategory C{P),, where Homci^p)^{P\U, P\U') is the set of fibered quantum 



6 



AGOSTINO PRASTARO 



diffeomorphisms P\U — )- P|C/', such that the isomorphism on the structure group is 
the identity. 

Proof. The proof can be copied by the classical case [61].^ □ 

Definition 2.6 (Quantum Lie derivative of section of super bundle of geometric 
objects). Let {4'm.\, 4'B,x)\eR, be a (local) l-parameter group of (local) fiber bundle 
diffeomorphisms in the category Qs ■ Let (^,C) the corresponding couple of quantum 
vector fields such that the fiber bundle (2) is commutative. 



(2) 




We call quantum Lie derivative of a section s of-Kw, with respect to {4>m,x, 4>B.\)x<£m, 
or C), the infinitesimal variation , dJ, of the pull-back s> = — M((j)'^^) o s o 
4>M.\, with J : M X M — >■ W . (Here, for sake of simplicity we have denoted "s globally 
define, but in general it is only locally defined.) Therefore we get 



(3) 



Ccs . 



ds = — (sa)U=o 



M s*vTW. 



Definition 2.7 (Full quantum Lie derivative of section of super bundle of geometric 
objects). Let {(pM^x^ 4>b.x)x&a, be a (local) l-parameter group of (local) fiber bundle 
diffeomorphisms in the category Qs. Let (^, C) the corresponding couple of vector 
fields such that the fiber bundle (4) is commutative. 



(4) B 



■TB\u = Homz{A-TB\u) 

f{TTB)=Hornz(lA;T{7TB)) 



U ^ TU = Homz {A; TU) 

We call full quantum Lie derivative of a section s of'Kw, with respect to {(pM^x, <f'B.x)xeA, 
or (^, C), the infinitesimal variation , &s, of the pull-back sx = (/)\s = M[(j)^^) o s o 
4>M,Xj with s : A X M — >■ W . (Here, for sake of simplicity we have denoted 's globally 
define, but in general it is only locally defined.) Therefore we get 

(5) £^5 = ds^ 4^{'Sx)\x=o ■■ M s*vfw = Homz{A;s*vTW). 

CLA 

Proposition 2.8. Under the same hypotheses of Definition 5 (resp. Definition 
2.7) we get that whether ttw : W ^ M is a vector bundle, then we get Ci^s = ds : 
M W, (resp. C^s = ds: M ^W = Homz{A; W) ). 

Theorem 2.9. Let Ek C JD^{W), be a quantum super PDE, with (kb ■ B ^■ 
Af ^W: TTyy',^) a super bundle of geometric objects. Let us assume that the map 
TTfe.o ■ Ek W be surjective, with respect to the natural mapping tt^.q ■ JD'^iW) — >■ 



'^Warn ! Do not consider the concept of super bundle of geometric objects as synonym of fiber 
bundle in the category of supermanifolds. (For a geometric theory of PDEs in Cg, see [60].) 
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W , and let assume also that Ek is formally integrable and completely integrable. 
Then for any r -prolongation (Ek)+r, > 0, we get the structure of super bundle of 
geometric objects reported in (6). 

(6) (ttb-B^ M ^ {Ek)+r ■■ 7rfe+.;B('=+'-) = JD''+'^ {-),). 

where JZ)'=+''(-). = JD''+''{M,{-))\^^^^, with m,{-) the restriction of C{B)(-) 
to the sub-category Ct{B) C C{B), such that the corresponding morphisms f G 
Hom{C,{B)) are such that JZ)'^+''(]B,(/)), are symmetries of E^+r- We call (6) a 
{k + r)-holoiiomic super bundle of geometric objects. 

Proof. This means that for any section u : M {Ek)+n we can calculate its quan- 
tum Lie derivative, with respect to a 1-group of (local) fiber bundle diffeomorphisms 
of TTs : B ^ M, that should be also symmetries of Ek, hence of {Ek)+r too. In 
particular for holonomic sections u ~ D'^^^'s, namely s is a solution of Ek, we get 

dD^s : M {D^+''s)*vTJD^+-'{W) J £)''+'' {s*vTW), such that the diagram 

(7) is commutative. 

(7) {D''+'^s)*vTJD''+-'(W) ~ JD''+''{s*vTW) 

Ek+r[s] = {D'^+-srvT{Ek)+r^ JD''+-{E[s]) 

Therefore the quantum Lie derivative of a solution of Ek can be identified with a 
solution of the linearized equation Ek[s] C JD''{E[s]), with E[s] = s*vTW.^ 

□ 

Theorem 2.10 (Classification of quantum supermanifolds with classic limit). We 
can classify quantum supermanifolds, having a classic limit, ttc ■ M — > Mc, on the 
ground of its classic limit Mq ■ In other words, we can say M has some property 
whether its classic limit has this property. (For example we can say that M is 
orientable when Mc is so.) In Tab. 2 are reported some quantum supermanifolds 
classified with respect to the holonomic group of their classic limit. 

Proof. This follows from standard properties of classifications of fiber bundles in 
algebraic topology, (see e.g., [94]), and taking into account that each fiber over 
p G Mc is contractible to a point. □ 

Example 2.11. Quantum (super)manifolds with classic limits having nontrivial 
structure can be considered of particular interest whether from the mathematical 
point of view or physical one. In particular, recent works investigate on Calaby- 
Yau mirror-pairs of submanifolds of G2-manifolds and Spin{7) -manifolds. (See 
e.g., [4].)'^ These are Riemannian manifolds classified on the ground of their ho- 
lonomy groups. Let us recall in Tab. 1 the classification of possible holonomy 

''Warn ! The set of all solutions of the linearized equation -E^fs] = {D^ s)*vTEi^ is larger than 
ones obtained as Lie derivative of s, with respect to some 1-parameter symmetry group of some 
super bundle of geometric objects (tts : S — )■ M <— W : 7riy;B). 

Calabi-Yau manifolds are compact, complex Kahler manifolds that have trivial first Chern 
classes (over R). Yau proved (1977-1979) a conjecture by Calabi (1957) that there exists on every 
CY-manifold a Kahler metric with vanishing Ricci curvature [102, 13]. One important class of G2 
manifold are the ones from Cy-manifolds. Let (X, to, Q) be a complex 3-dimensional CY-manifold 
with Kahler form uj and a nowhere vanishing holomorphic 3-form fl, then X has holonomy 
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groups Hol{Mc, g) for simply connected Riemannian manifolds {Mc,g) which are 
not locally a product space and not locally a Riemannian symmetric space (shortly 
denote them by INS-SCRM here). (This classification was first obtained by M. 
Berger (1955) and further improved by some other mathematicians (D. Alekseevski, 
Brown-Gray, Hitchin ...). R.L. Bryant (1987) first proved existence of metrics with 
holonomy G2 (resp. Spin{7)) on 7 -dimensional manifolds (resp. 8-dimensional 
manifolds) [6, 11, 24, 33]. 

The group G2 can be identified with the group of authomorphisms of octonions O or 
equivalently the subgroup o/GL(7,M) that preserves a suitable 3-form ipQ G ri'^(K.^), 
given in (8). 
(8) 

( ifio = \ei-jkdx^ A dx^ A dx^ € 

I = dx^ A dx"^ A dx'^ + dx^ A dx"^ A dx^ + dx^ A dx^ A dx"^ + dx'^ A dx"^ A dx^ 

[ —dx'^ A dx^ A dx^ — dx^ A dx^ A dx^ — dx'^ A dx^ A dx^ . 

A smooth 7 -dimensional manifold Mq has a G2-structure if its tangent bundle 
reduces to a G2 bundle, or equivalently if there is a 3- form ip G fl'^{Mc) such 
that at each p G Mc the pair {TpMc ,f{p)) is isomorphic to {TqMJ ^tpo). Then the 
3-form (f identifies an orientation fi € il'^{Mc)! o.nd fi determines a metric g^. 
A manifold with G2-structure {Mc,^p), is called a G2 manifold if Hol{Mc, gip) C 
G2, or equivalently 'Vg^ip = <^ {dip = 0, d(kg^ip) = 0}. (Because G2 is a 
connected, simply connected group, a connected 7 -dimensional manifold with a G2- 
structure is orientable and admits a spin structure, i.e., its first two Stief el- Whitney 
classes vanish. (Gray (1969) and R. Bryant (2005).) G2 manifolds can be also 
characterized as critical points of a suitable functional on the i-forms (N. Hitchin 
(2000).). 

In [4] it is defined mirror pair a couple of Calabi-Yau manifolds if their com- 
plex structures are induced from the same calibration 3-form, ip, in a G2 mani- 
fold. It assigns to a G2 manifold {Mc,ip, A), with the calibration 3-form ip and 
a oriented 2-plane field A, a pair of parametrized tangent bundle valued 2- and 
3-forms of Mc- These forms can be used to define different complex and sym- 
plectic structures on certain 6-dimensional subbundles of TMc . More precisely, 
let (Mc,ip) be a G2 manifold. A 4- dimensional submanifold X C Mc is called 
coassociative if ip\x = 0. ^ 3-dimensional submanifold Y C Mc is called asso- 
ciative if ip\Y = vol{Y). This condition is equivalent to the condition x\y = 0, 
where x e n^iM,TM) = C°°{TM^KlMc) is the TMc-valued 3-form on Mc 
given by < x(u, v,w),z >= -kp(u, v, w, z). We can also define a T M -valued 2-form 
Ip g C°° {TMc <S> A2MC) , given by < ip{u,v),w >= ip{u,v,w) =< ux v,w >. To 
any 3-dimensional submanifold Y C {Mc, p), X assigns a normal vector field, which 
vanishes when Y is associative. For any associative manifold Y C {Mc,ip) with a 
non-vanishing oriented 2-plane field, x defines a complex structure on its normal 
bundle. In particular, any coassociative submanifold X C Mc has an almost com- 
plex structure if its normal bundle has a non vanishing section. Two GY-manifolds 
are mirror pairs of each other if their complex structures are induced from the same 
calibration 3-form in a G2 manifold. Furthermore, we call them strong mirror 
pairs if their normal vector fields ^ and ^' are homotopic to each other through 
non-vanishing vector fields. One can assign to a G2 manifold {Mc,ip,A), with the 

group SU (3) C G2 ! hence is a G2 manifold. In this case ip = sRr2 + 1.J A dt. Similarly, X'^ X E gives 
a noncompact G2 manifold. 
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calibration 3-form ip and oriented 2-plane field A, a pair of parametrized tangent 
bundle valued 2- and 5-forms of Mc- These forms can he used to define differ- 
ential complex and symplectic structures on certain 6-dimensional subbundles of 
TMc- When these bundles are integrated they give mirror CY-manifolds. In a 
similar way one can recognize mirror dual G2 manifolds inside of a SpiniJ) mani- 
fold {Mq, Ip). In case Mc admits an oriented 3-plane field, by iterating this process 
one can obtain Calabi- Yau submanifolds pairs in Mc whose complex and symplec- 
tic structures determine each other via the calibration form of the ambient G2 ( or 
Spin{7)) manifold. 



Table 2. Classification of quantum supermanifolds on tlie ground 
of tlic Holonomy groups of their classic limit ttc ■ M Mc. 



dimig Mc 


Hol{Mc,g) 


Manifold's name 


Further characterizations 


n 


SO(n) 


Orientable 




2n 


U{n) 


Kahler 


orientable: [U{n) C SO{2n)] 


2n 


SU{n) 


Calabi- Yau 


Ricci-fiat, Kahler, orientable: 
[SU{n) C U{n) C SO{2n)] 


An 


Sp(n).Sp(l) 


Quatcrnionic-Kahlcr 


Einstein 


An 


Sp[n) 


Hyperkahlcr 


Ricci-fiat, Calabi- Yau, Kahler, orientable: 
[Sp{n) C SU{2n) C U{2n) C SO(An)] 


7 


G2 


G2-manifold 


Ricci-flat, spin, orientable: [G2 C 50(7)] 


8 


Spin{7) 


S'pm(7)-manifold 


Ricci-flat 



A manifold with G2 structure {Mc, <f) is called a G2 manifold if Hol{Mc , g^p) C G2, 
or equivalently V = 0. 



Theorem 2.12 (Quantum super manifolds with structured classic limit as super 
bundles of geometric objects). Let M be a quantum super manifolds with structured 
classic limits, ttc '■ M — >■ Mc. A super bundle of geometric objects on M , (ttc ■ B — > 
M : TTw) identifies a super bundle of geometric objects on Mc iff Hom{C{B)) 

and Hom{C{W)) are restricted to (local) fiber bundles morphisms and the functor 
B admits such a restriction, such that the diagrams in (9) are commutative. 



(9) 



B W- 



■W 



M - 



Sb 



■ A/ M ■ 



■M 



Mc 



fc 



7VC TTC 



■ Mc Mc ■ 



fc 



■Mc 



Then, when above conditions are satisfied, we say that the super bundle of geometric 
objects on M, {ttc : B ^ M ■(— W : nw), is a classic-regular super bundle of 
geometric objects on the quantum supermanifold M . 
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Proof. In fact any super bundle of geometric object on M, i.e., (ttc : B ^ M ^ 
W : 7rn/;B), one has the natural fiber bundle structures on Mc reported in (10). 

(10) B W 




Therefore for any morphism (/) — {/b, fn, fMc) must be the diagram in (11) 
commutative. 




Example 2.13. The (fc + r)-holonomic super bundle of geometric objects {ttb ■ 
B ^ M ^ {Ek)+r ■ T^k+r',^''''^^^ = JD'^~^^{—)) is a classic-regular super bundle of 
geometric objects on the quantum supermanifold M . 

Remark 2.14 (x-flow). In [4] it is considered the spinor bundle Q'^ — > (with 
fibers). Q is just a G2 manifold where the two 6-dimensional submanifolds S'^xR^ C 
Q and xM? (Z Q constitute a mirror pair in the sense introduced in this paper. 
The zero section <Z Q is an associative submanifold, i.e., (^[53 = vol{S^). This 
condition is equivalent to the condition x\s^ = 0; where x S {T Q ^ Is^iff)) , is 
defined by < x(u, v,w), z >= (-kg^ip){u, v, w, z). The equivalence of these conditions 
follows from ip{u, v, w)'^ + |x(u, v,w)\'^ /A = \u /\ v A w\'^ . Then x identifies a flow on 
a 3-dimensional submanifold f : Y {Q,Lp), called x-flow, described by (dt.f) = 
x{f*vol{Y)). (See also some previous works by R. L. Bryant & M-S. Salamon 
(1989) and N. Hitchin (2000).) Furthermore, in [4] the following conjecture is 
made. 

Conjecture. Since one can imbed any homotopy 3-sphere T,^ into Q (homotopic 
to the zero-section), one can conjecture that the x-Aow on C Q, takes 
diffeomorphically onto the zero section S^. 

This conjecture is justified since = 5*^, as it is nowadays well proved. (See 
[79, 80, 82] .J In fact, the PDE's algebraic topology as introduced by A. Prdstaro, 
to characterize global solutions of PDE's, can be used also to solve this conjecture 
when applied to the x-f^ow equation. 

More explicitly we have the following lemma. 

Lemma 2.15. The chi-fiow equation admits a solution that diffeomorphically re- 
lates any S-dimensional homotopy sphere S"^, with S^. 
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Proof. Let us consider the following fiber bundle -k : W = R x Q'^ ^ M x , 
{t,x'')i<k<7 {t,x'')i<k<3- Here the fiber is = K.**. One has the canonical 
embedding of into W, for any t £ E.: {t,x'^)i<k<3 {t,x^,x'^,x^,0, - ■ ■ ,0), 
identified by the zero section of tt. In (12) are given the local representations of the 
geometric objects above introduced. 



(12) 



dxi A dxj 
X 



= \iiikdx^ A dx^ A dx'' 

= dx^ A dx'^ A dx'^ + dx^ A dx'^ A dx^ + (ix^ A dx" A dx^ 

+(ia;^ A dx''' A dx" - dx^ A rfx^ A rfx'' - dx^ A dx"* A (ix^ - dx^ A dx'^ A dx'' 

= Sijdx' (g) dx^ 

= dx-' A ■ ■ ■ A dx'^ 

■^eijkidx' A dx^ A dx*" A dx' 

= dx^ A dx^ A dx'* A dx^ + dx^ A dx^ A dx** A dx^ + dx^ A dx^ A dx^ A dx^ 
+dxi A dx^ A dx^ A dx^ - dx' A dx^ A dx"* A dx" - dx^ A dx^ A dx^ A dx'' 
— dx^ A dx^ A dx"* A dx^ 
= tijkdxk, (cross product). 
= Xijk^Xp ® <^^' dx^ A dx*" 
= ^eijh^dxj, dx' A dx^ A dx'' 



j<3 



In (13) is given the ^-flow equation in local coordinates. 

' C JD{W) {{dt.fP) = Ei<p<7^det(ax,.p)6P23} 

{dt.f) = 

(5t/-') = 2^(dct(ax,.p))i<,j<3 4 < s < 7. 

5'^ this diffeomorphism. 



Since E"^ is diffeomorphic to S^, let us consider : S"^ 
Then a solution of equation (13) is written in (14). 

f''{t,x^,--- ,x'^) = (j)''{x^,x^,x^)l <k<3. 
nt,x\--- ,x') = ^Ji(b)t 



(14) 



where j{(f>) is the determinant of the jacobian of diffeomorphism (jj. Therefore, the 
proof of the lemma is down. □ 

Theorem 2.16 (Quantum x-flow). We define quantum any quantum (su- 
perjmanifold M having as classic limit Mc = Q^. We say quantum x-Aow on 
M , any quantum flow that projects on the classic limit in a chi-flow. Then we 
have that a quantum x-flow represents diffeomorphically any homotopy 3-sphere, 
S3 c onto C 



Proof. This follows directly from above definitions and Lemma 2.15. 
Theorem 2.17. A gauge theory in the category Qs is fully covariant. 



□ 



Proof. In fact, any gauge theory in the category Os- can be identified by the 
following super bundle of geometric objects on a quantum supcrmanifold M: 

{np : P ^ M ^ Homz{TM;Q) :7r;B(-) = Homzi-;!^)) , 

where ttp : P — Af is a G-principal bundle bundle over M, in the category 0s, 
and is the Lie superalgebra corresponding to the quantum Lie supergroup G of 
the P. Therefore one has the commutative diagram reported in (15). 
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(15) P^=B W ^=Homz{TM;Q) 




This is a classic- regular super bundle of geometric objects on M . (For details on 
gauge theory in the category Qs see Refs. [70, 75, 77, 78].) □ 

In the following we generalize the definition of instanton and soliton of the classical 
field theory. 

Definition 2.18 (Quantum super-instantons and quantum super-solitons). A quan- 
tum super-instanton is a solution of the quantum super Yang-Mills equation {Y M) 
with non-trivial topology. 

A quantum super-soliton is a sectional compact quantum super-instanton. 

Remark 2.19. Let us emphasize that the classic limits of quantum supermanifolds 
considered in Definition 2.18 do not necessarily coincide with usual instantons and 
solitons respectively. ( Compare with the definitions usually adopted in commutative 
differential geometry.^ Compare also with their non-commutative extension given 
m [8, 50] 

3. Conservation Laws in Quantum Super PDEs 

Conservation laws are considered for PDE's built in the category £ls of quantum 
supermanifolds. These are functions defined on the integral bordism groups of such 
equations and belonging to suitable Hopf algebras {full quantum Hopf algebras). In 
particular, we specialize our calculations on the quantum super Yang-Mills equa- 
tions and quantum black holes. 

In this section we shall resume some our fundamental definition and result for PDE's 
in the category of quantum supermanifolds, Qs, where the objects are just quantum 
supermanifolds, and the morphisms are maps of class Qj^, k £ {0, 1,2, •• • ,oo,a;} 
[67, 68, 70, 73, 76, 77]. A smaU subcategory is £5 C Qs of supermanifolds as 
defined in [60]. 

Let TT : W Al he a fiber bundle, in the category £3s, such that dimW^ = 
{m\n,r\s), over the quantum supcralgebra B = A x E and dim A/ — (mjn) over 
A and such that £' is a Z-modulc, with Z = Z{A) C A, the center of A. The 
quantum k-jet-derivative space JD''{W) of TT : VK ^ Af , is the fc-jet-derivative 
space of sections of tt, belonging to the class Q'^. The fc-jet-dcrivative JD'^{W) 

^These represent solutions of the Yang-Mills equation on four-dimensional Euclidean space, 
considered as the Wick rotation of Minkowski spacetime. (Let us recall the pioneering result by 
A. M. Polyakov [53] proving that instantons effects in 3-dimensional QED, coupled to a scalar field 
(i.e., Higgs field) lead to a massive photon.) In a paper, with the title "Super bundle of geometric 
objects, Yang-Mills gauge field and Spin'^ -instantons" , announced in [87], and appeared in Section 
4.8 of the book [61], were developed some relations between super bundle of geometric objects 
on classical instantons and gravitational instantons. In particular were there applied the fully 
covariant theory of classical spinor fields, first previously developed in [57, 58]. 
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is a quantum supermanifold modeled on the quantum superalgebra, {quantum k- 
holonomic superalgebra), reported in (16). 

Bk^ U i n A,,...,AE)) 

0<s<k hJsGZ2,veZ2 

s 

(16) J A,,...,^{E)=Homz{A,,(^z---(^zA,/,E) 

A{E) = AxE 
1 

. A,iE) = Ao{E) X Ai{E) = Homz{Ao-E) x Homz{Ai-E). 

s 

Each A ...i^ {E) is a quantum superalgebra with Z2-gradiation induced by E. Hence 

Ai^...i^{E)q = HomziAi^ ^z ■■ ■ ®z A^/,Ep), ir,p,q S ^2, q = h + ■ ■ ■ + is + p. 
If {x^ ,y^)i<:A<m+n,i<B<r+s are fibered quantum coordinates on the quantum su- 
permanifold W over M, then {x"^ ,y^, ■ ■ ■ ,y^^...j^^) are fibered quantum coor- 
dinates on JD'^IW) over M, with the following gradiations: = \A\, \y^\ = \B\, 
IVAi-'-aJ ~ \B\ + \Ai\ + ■ ■ ■ \As\. Note, also, that there is not symmetry in the 
indexes Ai. JD'^{W) is an afhne bundle over JD'^~^{W) with associated vector 
bundle tt^ QHomz{SQM; vTW), where SqM is the fc-times symmetric tensor prod- 
uct of TM, considered as a bundle of Z-modulcs over M, and n^.o '■ JD''{W) — > W 
is the canonical surjection. Another important example is J'^^„{W), that is the 
k-jet space for quantum supermanifolds of dimension (m|n) (over A) contained in 
the quantum supermanifold W. This quantum supermanifold locally looks like 
JD'^lw). Set JD°°{W) EE limJD''{W), J^^JW) = lirn J,^;|„(l^). These are 

quantum supermanifolds modeled on _B = Y[k ^k- 

A quantum super PDE of order k on the fibre bundle tt : W ^ M , defined 
in the category of quantum supermanifolds, 0^, is a subset Ek C JD^{W), or 
Ek C Jm\ni^)- ^ geometric theory of quantum (super) PDE's can be formulated 
introducing suitable hypotheses of regularity on Ek- (See [70].) 
The characterization of global solutions of a PDE Ej, C J^|„(Vt^), in the category 

£2si can be made by means of its integral bordism groups P S {0, 1, . . . , rn— 1}, 
(7G{0,l,...,n— 1}. Let us shortly recall some fundamental definitions and results 
about. Let fi : Xi Ek, fi{Xi) = Ni <Z Ek, i = 1,2, be (p|g)-dimensional 
admissible compact closed smooth integral quantum supermanifolds of Ek- The 
admissibility requires that Ni should be contained into some solution V d Ek, 
identified with a (to, ri,)-chain, with coefficients in A. Then, we say that they are Ek- 
bordant if there exists a {j)+\\q+ l)-dimensional smooth quantum supermanifolds 
f -.Y ^ Ek, such that dY = X1UX2, /U. = ft,i = 1, 2, and V = f{Y) C Ek is an 
admissible integral quantum supermanifold of Ek of dimension (p + + 1). We say 
that Ni, i = 1,2, are Ek-quantum-bordantii there exists a (p-|- Ijg-I- l)-dimensional 
smooth quantum supermanifolds f : Y ^ '^m|n(^)' such that dY = Xi U X2, 
f\x, = fi, i ~ 1,2, and V = f(Y) C ^,^j|„(W^) is an admissible integral manifold 
of Jm^nO^) '-'^ dimension {p + l\q + 1). Let us denote the corresponding bordism 
groups by fi^^ and np\g{Ek), P e {0, 1, . . . , to - 1}, q e {0, 1, . . . , 71 - 1}, called 
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respectively {p\q)- dimensional integral hordism group of Ek and {p\q)- dimensional 
quantum hordism group of . Therefore these bordism groups work, for (p, q) = 
(m — 1, n — 1), in the category of quantum supermanifolds that are solutions of Ek- 
Let us emphasize that singular solutions of Ek are, in general, (piecewise) smooth 
quantum supermanifolds into some prolongation {Ek)+s C J^^i^^^ where the set, 
T,{V), of singular points of a solution is a non-where dense subset of V. Here 
we consider Thom-Boardman singularities, i.e., q € T,{V), if {'^k,o)*iTqV) ^ TqV. 
However, in the case where E^ is a differential equation of finite type, i.e., the 
symbols gk+s = 0, s > 0, then it is useful to include also in 'S{V), discontinuity 
points, q, q' e V, with TTk^oiq) = T^kflW) = a S T^, or with TTk{q) = i^kiq') = P G M, 
where tt^ = tt o 7r(fc, 0) : J^|„(W^) M. We denote such a set by Ti{V)s, and, 
in such cases we shall talk more precisely of singular boundary of V, like {dV)s = 
dV \ Y,{V)s- Such singular solutions are also called weak solutions. 
Let us define some notation to distinguish between some integral bordisms. 

Definition 3.1. Let fl^'' fresp. fl^'' , , resp. , ), be the 

integral bordism group for (m — \\n — \)- dimensional smooth admissible regular 
integral quantum supermanifolds contained in E^, borded by smooth regular integral 
quantum supermanif old- solutions, (resp. piecewise- smooth or singular solutions, 
resp. singular-weak solutions) , of Ek. 

Theorem 3.2. [70] One has the exact commutative diagram (17). Therefore, one 
has the canonical isomorphisms: 

j^Ek ^ j^Ek . QEk IK^'' ^ 

m — l\n — l,w/{s,w) m — \\n — l,s' m — l|n — 1' m— l|n— l,s m— l|n— 

^7n—l\n—l,sl'^in — l\rL — l,s,w ^m — l|n — l,u?' ^m — l|n — l/^m— l|n— l.u; ^ra — l\n—l,w' 

If Ek is formally quantum superintegrable, then one has the following isomorphisms: 

^Ek ^ ^Boo ^ ^Boo . ^Ek ^ ^Ea^ 

m— l|n— 1 m—l\n—l ni—l\n—l,s^ m—l\n—l,w m— 1 |n— 1,-^; ' 

(17) 



m — l\n—l,'w/(s,'w') m — m — l|7i — l,s,u; 



m — l\n — l,s 



m — 1|ti— 1 



m — l\n — l,s 



jri — 1|ti — 1,11; m — l\n-—l,w 





Theorem 3.3. Let Ek C J^^niW) be a quantum super PDE that is formally 
quantum superintegrable, and completely superintegrable. We shall assume that the 
symbols gk+s 7^ 0, s = 0,1. (This escludes the case k — 00. j Then one has the 
following isomorphisms: 17^^ ^ = f2^^ ^ = Q,p\g{Ek), with p e {0, . . . , m — 1} and 
q e {0,...,n- 1}. 
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Proof. In fact, in these cases any weak solution identifies a singular solution, by 
connecting its branches by means of suitable pieces of fibres. Furthermore, since 
Ek+i is a strong retract of we can deform any quantum bording V C 

J^n^W), dimV = (m|n), with dV C Ek+i, into a (singular) solution of Ek+i, 

hence into a solution of iJfc. (For details see Refs. [70].) □ 



su- 



Corollary 3.4. Let C J^-n^^i^) " quantum super PDE, that is formally 
perintegrahle and completely superintegrable. One has the following isomorphisms: 

^ni~l\n~l,w = ^m-l|n-l(-E^A:) = ^m-l\n-l,w ~ ^m-lln-l,u) ^ |n-l,iu (-E^fc+Ti ) = 

^?n— — 1 (-^oo ) • 

In order to distinguish between quantum integral supermanifolds V representing 
singular solutions, where S(V^) has no discontinuities, and quantum integral super- 
manifolds where S(y) contains discontinuities, we can also consider "conservation 
laws" valued on quantum integral supermanifolds N representing the integral bor- 
dism classes \N\ ^ G fi"^* . 

Definition 3.5. Let us define the space of quantum integral conservation laws of 
Ek C J^yi\n^W) the Z-module given in (18). 

{ 1(E \ = ff) opi''(£fc)_nd^^(cf2P+ii''+H£;fc)) 

(Ig) ) ^ ^' ~ ^P''i-° dnp-ni-^(Ek)®{cai-\i(Ek)nd-^{CQ.p+n<i+i{Ek)))} 

\ = ®p,,>o3(^fe)Pl9. 

Here ClV'^''{Ek) denotes the space of all quantum [p\q)-forms on Ek- Then we 
define quantum integral characteristic supernumbers of N, with [N]^^ G ^p\q, the 
numbers i[N] =< [N]^^,[a] >e B, for all [a] G 3{EkT^'^ ■ 
Then, one has the following theorems. 

Theorem 3.6. [70] Let us assume that 3(i?fc)Pl' ^ 0. One has a natural homomor- 
pMsm: j^i^ : 17^^^ ^ HomA{3{Eky\'^; A), [N]^^ ^ j_^^^m^J, l^^^{[N]^J{[a]) = 
Jj^ct =< [iV]^,^, [a] >. Then, a necessary condition that N' G [N]Ef, the follow- 
ing: i[N] = i[N'], W[a] G 3(i?fe)Pl«. Furthermore, if the classic limit, Nc, of N is 
orientable then above condition is sufficient also in order to say that N' G [N] . 

Corollary 3.7. Let Ek ^ J^j|„(M^) be a quantum super PDE. Let us consider 
admissible (p\q) -dimensional, 0<p<m — I, 0<q<n — I, integral quantum 



supermanifolds, with orientable classic limits. Let Ni G [N2]Ek G f^^'', then th 



p\q' 



ere 



exists a (p + Ijg + 1)- dimensional admissible integral quantum supermanifold V C 
Ek, such that dV = Ni U N2, where V is without discontinuities iff the integral 
supernumbers of Ni and N2 coincide. 

Above considerations can be generalized to include more sophisticated quantum 
solutions of quantum super PDEs. 

Definition 3.8. Let Ek C J^^-^^niW) be a quantum super PDE and let B be a 
quantum superalgebra. Let us consider the following chain complex (bigraded bar 
quantum chain complex of Ek): {C,\,{Ek]B),d}, induced by the 'Ij2-g'i^cidiation of 
B on the corresponding bar quantum chain complex of Ek, i.e., {Ct{Ek; B),d}. 
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(See Refs.\JQ\.) More precisely Cp{Ek', B) is the free two-sided B-module of formal 
linear combinations with coefficients in B, '^Xid, where Ci is a singular p-chain 
f : — > Ek, that extends on a neighborhood U C R^"'""'^, such that f on U is 
differ entiahle andTf{A^) C E„j|„, where E^^^i^^ is the Cartan distribution of Ek- 

Theorem 3.9. [70] The homology H,\,{Ek', B) of the bigraded bar quantum chain 
complex of Ek is isomorphic to (closed) bar integral singular (p|(7)-bordism groups, 
with coefficients inB, of Eu: ""Clf^^^ ^ - (^^^kSo) ©(^^(^kSi), 

p € {0, 1, . . . , m — 1}, q G {0, 1, . . . , 7i — 1}. (If B ~ K we omit the apex B ). If 
Ek C >^m|„(l^) is formally quantum superintegrahle and completely superintegrable, 
and the symbols gk+s 7^ 0, then one has the following canonical isomorphisms: 
^^p\q,s — ^p\q,w - ^p\q,s ^ ^plqi^k) ■ Furthermore, the quantum {p\q) -bordism 
groups VLp\q{Ek) is an extension of a subgroup of "^rip^g g{W) = IIp^q{W; A), and 

the integral {p\q)-bordism group f2^^ is an extension of the quantum {p\q) -bordism 
group. 

Corollary 3.10. Let Ek C Jl^^nO^) ^ quantum super PDE, that is formally su- 
perintegrable and completely superintegrable. One has the following isomorphisms: 

a„-i|„-i(i^oo) = ■^fl™_il„_i„,(W^) = i?™-il„-i(W^; A). 

Definition 3.11. The full space of (p|(7)-conservation laws, (or full (p|(j')-Hopf 
supcralgcbraj, of Ek is the following one: Hp|g(i?fc) = B where B = Ylk^k- 
We caH full Hopf superalgebra, of Ek, the following: H,„_i|„_i(i?oo) = B 

Definition 3.12. The space of (differential) conservation laws of Ek C Jm\rSy^)' 
is (Lons{Ek) ^ 3(i?oo)'""^l"~^ 

Theorem 3.13. [70] The full {p\q)-IIopf superalgebra of a quantum super PDE 
Ek C ^m|„(T^) a natural structure of quantum Hopf superalgebra. Quantum 
Hopf algebras are generalizations of such algebras. 

Proposition 3.14. The space of conservation laws of Ek has a canonical repre- 
sentation in Hm_i|„_i(£'oo). 

Proof. In fact, one has the following homomorphism j : €,ons{Ek) — > H-,n-i\n-i{BaD)j 
j[a]{[N]j^ ) =< [a], [A^]^ >= i*a S B, where i : Nc -> iV is the canonical 
injection. □ 



Theorem 3.15. 5'ei; K^'= , , ee , K^'= . ^ = 

m— l|n— l,s,itJ ' m— l|n— l,s - J-l^ J- V ^/ 

B<U^-i^ H,„_i|„_i,,(^fc) = H„-i|„-i,»(-Bfc) = One 
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has the following canonical isomorphisms: 



K 



l\n—l,w/ (s./w) 



K 



K 



l^Ek 



K 



H 



771 — 1 1 n — 1 



(^fc)/H, 



m — 1 1 n — 1 



K 



m — 1 1 n — 1 , s ' 

m—l\n—l,w 
Ek 



Proof. The proof is obtained directly by duality of the exact commutative diagram 
(17). □ 

Theorem 3.16. Under the same hypotheses of Theorem 3.3, one has the following 
canonical isomorphism: ^ra-i\n-i,s{Ek) —'ii-m-i\n-i,w{Ek)- Furthermore, we can 
represent differential conservation laws of Ek in H,„_i|„„i 

Proof Let us note that 3{EkT'~^^''~^ C 3(i?oo)'"~^'"~^- K j : <tons{Ek) 
Hm-i|n-i(^'oo), is the canonical representation of the space of the differential con- 
servation laws in the full Hopf superalgebra of Ek, (corresponding to the integral 
bordism groups for regular smooth solutions), it follows that one has also the follow- 
ing canonical representation j\j(^E^)m-i\i^-i '■ 3{Ek)"^~^^'^~^ li„i^i\n-i,siEk) — 
H™_i|„_i,„(4). In fact, for any N' € [iV]^^_^ € 
has /? = for any € 5(^fe)"-i|"-i. 

Theorem 3.17 (Quantum tunnel effects and quantum black holes). The quantum 
supergravity equation E2 C JD^(i*C) admits global solutions having a change of 
sectional topology (quantum tunnel effects^. In general these solutions are not 
globally representable as second derivative of sections of the fiber bundle i*C — > N . 
E2 admits solutions that represent evaporations of quantum black holes. 



'l|n-l,s 



VL^'' ,| , , one 

m — 1 1 n — 1 , ' 

□ 



Table 3. Dynamic Equation on macroscopic shell: E2[i] C 
JD^{i*C) and Bianchi identity. 



Fields equations 


[duj^i^-L) — dn{dui2^ -L) = (curvature equation) 
{86^ -L) — dfi{d6Z'^ -L) = (torsion equation) 
(dipJ^.L) — 9f,(9'0^^.L) = (gravitino equation) 
(aAT.L) - ^^,{^At^^.L) = (Maxwell's equation) 


Bianchi identity 


(9^i7-pfi])+iK.)g<pij = o 


Fields 


Rf- = (S^[M-'^"f) + 2<[^'^:? (curvature) 

= (ax[^.e^,) +a;-(^,0f + i(C7")^6Vf[^^'f (torsion) 
p^t = (9x[^.^fp + i('T.6)^j'^f>;i/ (gravitino) 
F^^ = {dx[^.A^]) + \C p^tij'ili'^^iPj^ (electromagnetic field) 



Proof. We shall consider, now, the quantum N ~ 2 superPoincare group over a 
quantum superalgebra A — Ao(B Ai, that is a quantum Lie supergroup G having as 
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quantum Lie superalgebra q one identified by the following infinitesimal generators; 

{Zk}i<K<19 = {Jal3,Pa,Z,Qi3i}o<a,l3<3;l<a<2, SUCh that Jap — —Jpa, Pa, Z G 

Homz{Ao; 2), Qpi G Homz{Ai; q). The corresponding nonzero Z2-gradcd brack- 
ets are the following: [Jajs, J^s] = Vp-yJaS + VasJp-, - Va-fJps - VlisJa-f, [Pa, Pp] 

Se'^Jap, [Jal3,P'y] = VlS-tPp ~ Va-yPf}, [Ja0,Q'yi\ — {o'al3)j^Qfij, [Qpi,Qfi]] = 

{C'y°')p^SijPa + Cp^CijZ. Here Cap is the antisymmetric charge conjugation ma- 
trix, apfj, = j['yp,Jfi], with 7^ the Dirac matrices. Z commutes with all the other 
ones. One has dim G = {d\N2) = (11|8), and we will consider the following principal 
bundle in the category of quantum supermanifolds: P is a quantum supcrmanifold 
of dimension (15|8); M is a quantum supcrmanifold of dimension (4|iVi) = (4|0), 
identified, for the sake of simplicity, with a quantum Minkowski space-time. Then a 
pseudoconnection can be written by means of the following fullquantum differential 

1- forms on P: = fi^dY^ , {fJ.^) = {^uj'^ , 9'^, AhjiPh)- With respect to a sec- 
tion s : A/ ^ P we get: is*^fx)^ = flf^ dX\ {ji^) = (iw"^, ^f;, A^, ^«^), where w^'^ 
is the usual Levi-Civita connection, 6*/^^ is the vierbein, is the electromagnetic field 
and is the usual spin | field. The blow up structure: t:*C{P) ^ Homz{TP; g) 
implies that we can identify our fields with sections ] /i of the fiber bundle tt : C = 
Homz{TM;g) M. {C{P) = JD{P)/G is the fiber bundle, over M, of principal 
quantum connections on the G-principal fiber bundle tt : P — > M.) The correspond- 
ing curvatures can be written in the form: ]P^q = {dxp/j.^) + C'/j[m^j + - The 
local expression of the dynamic equation, E2[i] C JD^{i*C), evalucd on a macro- 
scopic shell, i.e., an embedding i : N ^ M, of a globally hyperbolic, p-connectcd 
manifold A^, < p < 3, is given by the quantum super PDE reported in Tab.3.1, 
where L : JD{E_) A is a quantum Lagrangian function. Possible Lagrangian 
densities are polynomial in the curvature, (see example below), hence we can as- 
sume that they give formally quantum superintegrable, and completely quantum 
superintegrable, quantum super PDE's. Then, assuming that E2[i] is formally in- 
tegrable and completely superintegrable, the integral bordism groups of E2[i] and 
its fullquantum p-Hopf superalgebras, can be calculated. More precisely, we use 

the fact that C{P) — >■ M is a contractible fiber bundle of dimension (4|0,44|32) 

1 1 

over the quantum superalgebra Ax A = {Aq x Ai) x Ao{A) x A i{A), and that N 
is topologically trivial. In fact, we can apply Theorem 3.9 and Corollary 3.10, to 

obtain the quantum and integral bordism groups of P2H: ^^pjs^*' = ^p,w^^^°° = 0, 

for p = 1,2,3 and O^^'*' = 51^^''^°^ = A. Therefore, we have that 1-dimensional 

admissible integral closed quantum submanifolds contained into i?2[*], {admissible 
quantum closed strings), can propagate and interact between them by means of 

2- dimensional admissible integral quantum manifolds contained into J^{i*C), or 
by means of 2-dimensional admissible integral quantum manifolds contained into 
i?2[i], in such a way to generate (quantum) tunnel effects. Finally, as a consequence 
of the triviality of the 3-dimensional integral bordism grooups, we get the existence 
of global quantum solutions of such equations. 

Let us now see that theorem can be proved by using surgery techniques and tak- 
ing into account that for the 3-dimensional integral bordism group of Ek one has 
^3 Is = = ^3^^'^°°- In fa-ct a boundary value problem for Ek[i] can be directly 
implemented in the manifold Ek[i] C JD^{i*C) C J^{i*C) by requering that a 
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3-dimensional compact space-like (for some t = to), admissible integral manifold 
B C Ekii] propagates in Ekii] in such a way that the boundary dB describes a 
fixed 3-dimensional time-like integral manifold Y C Ek[i]- (We shall require that 
the boundary dB of B is orientable.) Y is not, in general, a closed (smooth) man- 
ifold. However, we can solder Y with two other compact 3-dimensional integral 
manifolds Xi, i = 1,2. in such a way that the result is a closed 3-dimensional 
(smooth) integral manifold Z C Ek [i] ■ More precisely, we can take Xi = B so that 
Z = Xi[JggY is a, 3-dimensional compact integral manifold such that dZ = C is a 

2- dimensional space-like integral manifold. We can assume that C is an orientable 
manifold. Then, from the triviality of the integral bordism group, it follows that 
8X2 = C, for some space-like compact 3-dimensional integral manifold X2 C i?fc[«]. 
Set Z = Z[J(jX2- Therefore, one has Z = Xi[JggY[J(j X2. Then, again from 
the triviality of the integral bordism group, it follows also that there exists a 4- 
dimensional integral (smooth) manifold V C Ek[i] such that dV = Z. Hence the 
integral manifold F is a solution of our boundary value problem between the times 
to and ti , where to and ti are the times corresponding to the boundaries where are 
soldered Xi, i = 1,2 to Y. Now, this process can be extended for any t2 > ti. So 
we are able to find (smooth) solutions for any t > to, hence (smooth) solutions for 
any t > to, therefore, global (smooth) solutions. Remark that in order to assure 
the smoothness of the global solution so built it is enough to develop such construc- 
tion in the infinity prolongation Ek[i]+oc of -Bfe[i]. Finally note that in the set of 
solutions of Ek [i] there are ones that have change of sectional topology. In fact the 

3- dimensional integral bordism groups are trivial: ^^f^'*' = = rjf'Jjj''^"' . 

Let us, now, consider the dynamics of a quantum black-hole. In order to obtain 
such solutions we must have a Cauchy integral data with a geometric black hole B 
embedded in a compact 3-dimcnsional integral manifold N , B G N , such that its 
boundary dN propagates with a fixed flow. Then a solution, with quantum tunnel 
effect of such boundary problem, can describe a evaporation process of such black 
hole. Above results assure the existence of such solutions and a way to build them. 
In order to represent such results with respect to a quantum relativistic observer, 
let us consider the space of observed quantum integral conservation laws. 

Definition 3.18. 



3{Ek\i]) =®q>o 



d09-i(£;t[i])e{Cf29(_Efc[i])nd-i(Cn'J+M-Bfc[i])))} 

[ =e,>o3(^fcH)'. 

Here C'fl'^{Ek[i\) denotes the space of all Cartan quantum q-forms on Ek[i\. (See 
also [70] .) Then we define quantum integral characteristic supernumbers of N , 

with [N] e f^f"''!, the numbers i[N] =< [N], [a] >G B, for all [a] £ 3{Ek[i])'^- 
One has the following lemma. 

Lemma 3.19. [70] Let us assume that '3(Ek[i\)'' 7^ 0. One has a natural homomor- 
pMsm: : l^fM ^ i/o7«^ (3(4 [*])«; A), [N] ^ j_^{[N]), j ^ ( [iV] ) ( [a] ) =J^a=< 

[N] ,[a] >. Then, a necessary condition that N' € [N] G Qq'' is the following: 
i[N] = i[N'], y[a] G 3{Ek[i])''. Furthermore, if N is orientable then above condition 
is sufficient also in order to say that N' G [N]. 
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Therefore a quantum evaporation black-hole process can be described by means of 
quantum smooth integral manifolds, and therefore for such a process "conservation 
laws" arc not destroyed. By the way, as we can have also weak solutions around a 
quantum black-hole, we can assume also that interactions with such objects could 
be described by means of weak-solutions, like shock-waves. Therefore we shall 
more precisely talk of weak quantum black-holes and non-weak quantum black-holes, 
according if they are described respectively by means of weak solutions, or non- 
weak solutions. As a by-product we get that all the quantum integral characteristic 
supernumbers are conserved through a non-weak quantum evaporating black-hole. 

□ 

Let us conclude this section by considering the following theorem that gives an 
important quantum conservation law for what we shall develop in part II. 

Theorem 3.20 (Observed quantum Hamiltonian as quantum conservation law of 

(yM)[i]). The observed quantum super Yang-Mills PDE {YM)[i] admits a quantum 
conservation law that can be identified with the observed Hamiltonian on any space- 
like section of any observed solution of {YM)[i]. 

Proof. Let us recall that the observed quantum Hamiltonian of the observed quan- 
tum super Yang-Mills equation can be written in the form reported in (19). (See 
[67, 70, 75].) 

(19) H={dyi.L)y1-L 

where, for sake of simplicity, we have put {x^ , y"} the coordinates on the observed 
configuration bundle for the observed quantum super Yang- Mills equation (yA/)[i]. 
Since equation (yM)[i] is invariant for time translations, we get that the quantum 
differential form (20), is a quantum conservation laws of {YM)[i], in the sense of 
Definition 3.18.^ 




=dxa\{Dsye + (Dsy{dxo\&) 

e = (-l)P+^{dyl^.L) ® dy" A dx° h ■ ■ ■ h dxP h ■ ■ ■ h dx^ + H ® dx° h dx^ A dx'^ A dx^ 



Here dx^ denotes absent with j3 e {0, 1, 2, 3}. In fact, for any solution s of (yAf)[i], 
we get dujH = 0. An explicit calculation of ujr in quantum coordinates gives the 
expression reported in (21). More explicitly one has the following. 

( ujh\V = -[{dy^.L)y'j^ - H o Ds](»dx^ Adx^ Adx^ 

(21) < +{-l)P+^{dyf^.L)yg(E)dx° A--- Ad^P A--- Adx^ 
[ -\-{dyi.L)yf <»dx'^ Adx"^ Adx^ 

Here dx^ denotes absent with (3 G {1,2,3}. The restriction of ujh\V on any compact 

3-dimensional space-like section at C V , t = const, of the solution V of (yM)[i], 
coincides with the restriction of H on at- More precisely we get the formula (22). 

(22) ujH\a, = = [{dyi-L) yf - i] ® dx^ A dx^ A dx\ 



For complementary information of variational calculus on PDEs and quantum super PDEs 
see [69, 75]. 
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Then the evaluation oitOH on at, gives a time dependent A- valued function 
defined in (23) 

r H[i\t] ^I^ojhIv 

(23) i = J^^ [{dyl-L) yf - L] ® dx^ A dx^ A dx^ 
[ = H\at ® dx^ A dx'^ A dx^ € ^. 

This function does not necessitate to be constant. In fact, we get 

0= / dujH\V = / uJH\av = I t^ffUo - / loh\ni + / wh|p. 

Jv JdV JNo JNi JP 

We get 

(24) H[i\t^]-H[i\h] = - j^LOH\p(^A. 

Therefore, 7J[i|to] = -ff[i|^i] iff jp^H\p = £ ^. In general this last condition is 
not verified. □ 



Definition 3.21 (Lost quantum energy of an observed quantum nonlinear propa- 
gator of (yM)[z]). Given an observed quantum nonlinear propagator V of {Y M)[i], 
such that dV = NqUPUNi, where Ni, i = 0,1, are i- dimensional space-like admis- 
sible Cauchy data of (YAI)[i], and P is a suitable time-like 3-dimensional integral 
manifold with dP ~ dNg U dNi, we define L[V] = Jp ojh\p lost quantum energy of 
V. 

Corollary 3.22. For any observed quantum nonlinear propagator V of {YM)[i], 
such that dV ^ Nq U P U Ni, where Ni, i = 0, 1, are ^-dimensional space-like 
admissible Cauchy data of {YM)[i], and P is a suitable time-like 3-dimensional 
integral manifold with dP = BNq U dNi, equation (25) holds. 

(25) H[i\to] = H[i\ti] mod L[V] G A 

where to (resp. ti), is the time of Nq (resp. Ni). 

Corollary 3.22 gives a precise meaning to the phenomenological statement that with 
respect to an observer a quantum process must conserve the total mass-energy. 

Example 3.23 (Steady-states in {YM)[i]). Steady state solutions of {YM)[i] are 
ones where the partial derivative with respect to the time of the observed fundamental 
field Jl^ is zero: fi^Q = 0. Then with the symbols used in the proof of Theorem 3.20, 
we get that the lost quantum energy L[V] € A of a quantum nonlinear propagator 
for such a solution must necessarily be zero. In fact, we get 

L[V] = j ijJH\p = j [{-lY+^{dyi.L)y'^]®dx° ^■■■^db^P ^■■■^dx^ =Q&A 

since j/q = 0. Therefore, in the steady state quantum nonlinear propagators holds 
the strict conservation of the observed quantum energy: iJ[i|io] = ^^[*|ii] G A. 
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Example 3.24 (Strong reactions with jet quenching in {YM)[i]). Quantum nonlin- 
ear propagators with lost quantum energy can encode strong reactions between ultra- 
relativistic heavy-ion collisions, where interactions between the high-momentum par- 
ton and the hot, dense medium produced in the collisions, lead to energy loss. This 
phenomenon is called jet quenching. "'^'^ 

4. Quantum hypercomplex exotic super PDE's 

In this section we consider PDE's in the category £lhyper,s of quantum hypercom- 
plex supermanifolds, as defined in [83], and focus our attention on "quantum exotic 
super PDE's", i.e., quantum super PDE's where we can embed "quantum exotic 
supersheres" . For such Cauchy data we will generalize our previous results on quan- 
tum exotic PDE's [83]. Such "exotic" boundary value problems are of particular 
interest in strong reactions encoding quantum processes occurring in high energy 
physics, as we will prove in part II. 

Remark 4.1. Let us remark that in the other sections of this paper we refer to the 
category 05 instead that Q.hyper,s- This is made for three reasons. The first is for 
convenience, since quantum micro-worlds can be encoded in Qs- The second is that 
one can directly generalize intrinsic results obtained in the geometry of PDEs in the 
category Qs to similar ones in the category Qhyper.s, o,s we have proved in [83], and 
we will also see in this section. The third reason is that nonassociative algebras, 
as arise for example in some quantum hypercomplex algebras, can be considered as 
subsets of their enveloping algebras. These last being necessarily associative, give a 
general criterion to encode nonassociative algebras in larger associative frameworks. 

Definition 4.2 (Quantum homotopy (m|n)-supersphere). We call quantum homo- 
topy {m\n)- super sphere (with respect to a quantum hypercomplex superalgebra A) 
a smooth, compact, closed (m\n) -dimensional quantum supermanifold M = S™'", 
that is homotopy equivalent to the (m\n)- dimensional quantum supersphere S*™'", 
with classic regular structure ttq ■ M Mc, where Mc is a homotopy m-sphere, 
and such that the homotopy equivalence between M and 5*™ I" is realized by a com- 
mutative diagram (26). 



(26) 



M- 



Qrn\n , 



Mc 



:^"l"U{00} 



fc 



'U{OOC}: 



(AJ," XA?)UW 



= R, C and ttc is induced by the canonical mappings c : A — >■ K and oo i— > ooc. 



Remark 4.3. Let j]^"'" and E™'" 

motopy {m\n)- super spheres: E™'" = S2"'". Then the corresponding classic Urn 



be two quantum diffeomorphic, quantum ho- 
rn I n 



its Q and c diffeomorphic too: i^kj = c ■ remark is the 

natural consequence of the fact that quantum diffeomorphisms here considered re- 
spect the fiber bundle structures of quantum homotopy {m\n)- super spheres with 



^Parton model was proposed by R. Feynmann in 1969 for high-energy hadron collisions and 
actually usually referred as quark-gluon model. Nowadays there exist experimental evidences for 
the quenching phenomenon. (See, e.g., [1] and CERN-Prcss Releases reported therein.) 
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respect their classic limits: ttq ■ — > S™'". Therefore quantum dijfeomor- 
phisms between quantum homotopy {m\n)- super spheres are characterized by a cou- 
ple {f,fc) ■ (S™'"'^™c'^) ^ (^2''"j^2'c) of mappings related by the commutative 
diagram in (27). 

(27) ^ 



Tm|n 



\m\n 



/c 



■^2,C 



There f is a quantum diffeomorphism between quantum supermanifolds and fc is 
a diffeomorphism between manifolds. Note that such diffeomorphisms of quantum 
homotopy {m\n)- super spheres allow to recognize that J]™!" has also as classic 



limit, other than S™,!?. (See commutative diagram in (28). j 
(28) E^l" 




2,C 



This clarifies that the classic limit of a quantum homotopy (m\n)- super sphere is 
unique up to diffeomorphisms. 

Let us also emphasize that (co)honiology properties of quantum homotopy {7n\n)- 
superspheres are related to the ones of m-spheres, since we here consider classic 
regular objects only. 

Lemma 4.4. In (29) are reported the cohomology spaces for quantum homotopy 
(rn\n)- super spheres. 



(29) 



i7P(E"l"; Z) = ^^^(5""!"; Z) = ffP(S"": Z) = | 2, P ^ ^, m 

£ p = 0, m. 



i7p(^°l";Z) ^i7p(50;Z) 



Proof. Let us first calculate the homology groups in integer coefficients Z, of quan- 
tum (m|n)-superspheres. In (30) are reported the homology spaces for quantum 
m 7^ 0. 

(30) i7,(5'"l";Z)-i?,(5'";Z) = | J ltl[Z. 

Furthermore, for m = we get 

' p^O 
Z0Z p^O. 

Above formulas can be obtained by the reduced Mayer- Vietoris sequence applied to 
the triad (S""!", Li^'", Z)"'") since we can write S""!" = l)^'" IJ where D^'" 
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and are respectively the north quantum (m|n)-superdisk and south quan- 

tum (m|7i)-superdisk that cover S"™'". Taking into account that — 
gm-i\n-i^ we get the long exact sequence (31). 



(31) 



-ffo(5" 



-Hp-2(Dl 



-ff,(5"'l";Z) 



■ffp-i(6:;'|";z)©ffp_ip::i";z)^ — n^-iis" 



-ff„(5'"'";Z)- 



Taking into account that Ho{D'^^";Z) = c get Hp{S'''\-^] 1) ^ i/p_i(S'"-i|"-i; Z) 

and ifo(5""l"; Z) 9^ 0. Therefore, we get 
(32) 

Z Z if m = 
if p 7^ 

Z if p = 0, m 
ifpT^O, m. 



i7p(5°l";Z) = 
i7p(S'"l";Z) = 



Therefore we get formulas (30). To conclude the proof we shall consider that 
FP(5'™I";Z) = Homz{Hp{S"'\";Z);Z). Furthermore, quantum homotopy {m\n)- 
superspheres have same (co)homology of quantum superspheres since are homotopy 
equivalent to these last ones. 

□ 



Lemma 4.5. The quantum Euler characteristic numbers for quantum homotopy 
(m\n)- superspheres are reported in (33). These coincide with the corresponding 
quantum Euler characteristic numbers of quantum (rn\n) -superspheres and with the 
Euler characteristic numbers of usual m- spheres. Furthermore they are the same 
of the corresponding total quantum Euler characteristic numbers. See in (33). 



r x(S"l") =x(5"l") = x(^'")-(-l)"/3o + (-l)™/3m = l + (-l)'" 

(33) '" = °^^ I 

I [ 2 TO = even. J 

Proof. We have considered that 5*™'" admits the following quantum-supercell de- 
composition: = e™'"lj'^°'°, where e™'" = is a (TO|n)-dimensional quan- 
tum supercell, with respect to the quantum superalgebra and e°l° = is the 
(O|0)-dimensional quantum supercell with respect to A. Therefore we can consider 
the quantum homological Euler characteristic x(»S'™'") of 5*™'", given by formulas 
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(34). 

= (-l)OdiniAiJo(5'"l";A) + (-1)" diiriA iJm(S'"l"; A) 
= (-1)0 diniA A + (-1)™ dim^ A 

(34) = 1 + (-1)™ 

m = odd 
2 771 = even. 

So the homological quantum Euler characteristic of the quantum (m|n)-supersphere 
is the same of the homological Euler characteristic of the usual m-sphere. Further- 
more, since quantum homotopy (?7i|n)-superspheres are homotopy equivalent to 
quantum (m|n)-superspheres, it follows that the quantum Euler characteristic of a 
quantum homotopy (m|n)-supcrsphere is equal to the one of 5*™'". Moreover, also 
the total quantum Euler characteristic numbers for quantum (homotopy) {m\n)- 
superspheres coincide with the ones of 5*™. In fact, we can consider the quantum 
total-homological Euler characteristic ^°*;^(5'™l") of 5*™!", given by formulas (35). 

= Ep>o(-l)'' dim.4[©,+,^p H^isiS-^h A)] 

(35) =Ep>o(-l)''dim.4[©,+,=p(i/,.(S'"l";^o)®ffs(S'"l";Ai)]) 

= Ep>oi-^r dim.4[©,+,^p(if,.(S'"l"; Z) »z ^o) ® H,{S^^\";Z) m A^)]) 
= Ep>o(-l)'' dim^[©,.+.=p(-f^r(S'"; Z) ®z Aq) ® H,{S"'-Z) ®z Aj)]) 

So also the total homological quantum Euler characteristic of the quantum (m\n)- 
supersphere is the same of the homological Euler characteristic of the usual m- 
sphere. Furthermore, since quantum homotopy (TO|ri)-supcrsphcrcs arc homotopy 
equivalent to quantum (m|n)-supcrsphercs, it follows that the total quantum Euler 
characteristic of a quantum homotopy (m|n)-supersphere is equal to the one of 
S""l". □ 

Theorem 4.6 (Generalized Poincare conjecture in the category Qhyper.s)- Let A 
he a hypercomplex quantum superalgebra with center Z{A) a Noetherian 'K-algebra, 
K = M or K = C. Let M be a classic regular, closed compact quantum supermanifold 
of dimension (m\n), in the category £lhyper,s , homotopy equivalent to S*™'", (hence 
this last is the quantum super CW-substitute of AI). Then we get that M w S*™'", 
i.e., M is also homeomorphic to S*™'", and Mc ~ 5*™, i.e., the classic limit Ale of 
AI is homeomorphic to the classic limit S*™ of S'"^^". 

Proof. In [75] we have proved the generalized quantum Poincare conjecture in the 
category Qs of quantum supcrmanifolds, by considering the quantum Ricci flow 
PDE just in the category Qs- Then, by using similar arguments to prove Theo- 
rem 3.10 and Theorem 3.11 in [83], we can state that generalized quantum Poincare 
conjecture works also in the category 0.hyper,s of quantum hypercomplex supcrman- 
ifolds. Therefore the quantum (m]n)-supersphere S*™'", considered the quantum 
super CW-substitute of any quantum homotopy (m]n)-supersphere is just 

homeomorphic to this last one: E™'" w grn\n^ q 

Theorem 4.7. Let &rn\n be the set of equivalence classes of quantum diffeomorphic 
quantum homotopy {m\n)- super spheres over a quantum (hypercomplex) superalge- 
bra A (and with Noetherian center Z{A)).^^ In QmUi *^ defined an additive 



^^Quantum diffcomorphisms arc meant in the sense specified in Remark 4.3. 
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commutative and associative composition map such that [5"''"] is the zero of the 
composition. Then one has the exact commutative diagram reported in (36). 

(36) 



T I C 



^ m\n I ^ r. 





where Qm is the set of equivalence classes for diffeomorphic homotopy m-spheres 
and jc is the canonical mapping jc '■ [S™'"] ^-^ [E™'"]. One has the canonical 
isomorphisms: 

(37) Z Z6,,„|„ = Z9m, as right 9„j|„-modules. 

Proof. After above Remark 4.3 we can state that the mapping jc is surjective. In 
other words we can write 

^m|n 1^ (^?7i|n ) l^j ■ 

The fiber {Qm\n) [f^"^i"^ is given by all classes [S™'"] such their classic limits arc dif- 
feomorphic, hence belong to the same class in Q„i- Furthermore one has ker(jc') = 
jQ^{[S"^]) = Tm|n C Qm\n- Therefore, we can state that Qrn\n is an extension of 
Qm by T,n|n. Such extensions are classified by i?^(8„i; Tm|„).^^ 

Table 4. Homology of finite cyclic group of order i. 



r 


Hr{Zi;Z) 





Z 


r odd 


Zi 


r > even 






The composition map in Qrn\n is defined by quantum fibered connected sum, i.e., 
a connected sum on quantum supcrmanifolds that respects the connected sum on 
their corresponding classic limits. More precisely let M Ale and N — > Nc be 
connected (TO|n)-dimensional classic regular quantum supcrmanifolds. We define 
quantum fibered connected sum of M and N the classic regular (m|n)-dimensional 
quantum supermanifold MjJiV — >■ McflTVc, where 

( M^N = (M\I)'"I")U(5"""^'""^ X i)i|i)U(Ar\z)"l") 
(38) <^ 

[ Mc^Nc = {Mc \ D"') U(5'"-i X D^) [J{Nc \ D"'). 



'In Tab. 4 are reported useful formulas to explicitly calculate these groups. 
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Then the additive composition law is + : Qm\n x ©mln ©mlm [^j'^l + i^] = [-^^tt-^]- 
[S""l"] is the zero of this addition. In fact, since S"*!" \ D™!" Us^-n—i (5"""^'""^ x 
^ we get 

MjlS""!" ^M\£>'"l"Us™-ii"-i(5'™'"\^™'"Us™-ii"-i('5"""^'""^ xi)i|i)) 

Analogous calculus for Mc completes the proof. □ 

In the following remark we will consider some examples and further results to 
better understand some relations between quantum homotopy superspheres and 
their classic limits. 

Example 4.8 (Quantum homotopy (7|n)-supersphere). Let us calculate the ex- 
tension classes for quantum homotopy {7\n) -superspheres in the category Qhyper.s, 
assumed classic regular, i.e., having the fiber bundle structure ttc '■ E*"'" — > S^. 

(39) ^t7|„C ^e7|„^^e7 ^0,n>0. 

These are given by H^{Qj; T7|„) = H'^(Z')g,; T7|„). We get 
(40) 

H^{^28; trin) = iJomz (if2 (^28 ; Z); t7|„) = Hom^iO; fr\„) ^xtz(i?i(Z28; Z); t7|„). 

We shall prove that £'.Ttz(iJi(Z28; Z); T7|„) ~ T7|„/28 • T7|„. (We have used the 
fact that _ff2(Z28;Z) = 0.) Let us look in some detail to this Z-module. By using 
the projective resolution 0/Z28 given in (41), 

(41) s-Z-^^^Z — ^Z28 ^0 

we get the exact sequence (42). 

(42) s- iJomz(Z28; T7|„) > HomziZ; f 7|„) ^' > Homzi'L; t7|„) 

^ iJomz(Z28; T71 

Therefore we get 

Extz[Z2B]T-j\n) = 'i"7|«/im (/i*). 
In order to see what is im (^*) we can use analogous considerations made in Exam- 
ple 5.6 in [83]. We get im (^*) = 28.t7|„, hence Exti{Z2s,; t7|„) = t7|„/28 • 'f^\^. 
The particular structure of this module, depends on the particular hypercomplex 
quantum superalgebra A considered. For example, take A = C. One has S"^'" = S"^ , 
hence, since S'' — >■ S"^ , is just the fiber bundle S^"^ — > 5*^, we can easily copy the 
result in Example 5.6 in [83], to conclude that G)7|„ = G7 = Z2^Z28, Vn > 0. 

Example 4.9 (Quantum homotopy (m|n)-superspheres for the limit case A = M). 
In the limit case where the quantum algebra is A = M, for a quantum homotopy 
{m\n)- super sphere one has just S"*!" = E™'" = 1]™^ hence ttc — id^,"^ . 

Furthermore Qm\n = ©m, Cind Tm\n = = [S""] G Qm- In particular if m = 
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{1,2,3,4,5,6}, we get Qm\n = ©m = T„|„ = 0, Vn > 0. (For the smooth case 
m = A see [82] .) 

Theorem 4.10 (Homotopy groups of quantum (m|n)-supersphere). Quantum ho- 
motopy (rn\n)- super spheres cannot have, in general, the same homotopy groups of 
m-spheres:^^ 

(43) ^fc(E™l")^7rfe(^™l")7^^fc(5'"). 

Furthermore, 5™ can be identified with a contractible subspace, yet denoted S™' , of 
5"!". There exists a mapping 5"''" — )■ S*™, but this is not a retraction, and the 
inclusion 5™ ^ S*™'", cannot be a homotopy equivalence. 

Proof. Since must necessarily be 7rfc(i]™l") = 7rfc(S'™l"), fc > 0, it is enough prove 
theorem for S*"''". We shall first recall some useful definitions and results of Alge- 
braic Topology, here codified as lemmas. 

Definition 4.11. A pair {X, A) has the homotopy extension property if a homotopy 
ft : A ^ Y , t € I , can be extended to homotopy ft'.X^Y such that fo'.X^Y 
is a given map. 

Lemma 4.12. // {X, A) is a CW pair, then it has the homotopy extension property. 

Lemma 4.13. // the pair (X,A) satisfies the homotopy extension property and A 
is contractible, then the quotient map q : X ^ X/A is a homotopy equivalence. 

Let us consider that we can represent S"" into 5"™ I" by a continuous mapping 
s : S™" — )- 5"™!", defined by means of the commutative diagram in (44). 

(44) gm|n ^=A'"l"U{oo} 

s=(e™,0„idoo) 

S"" = U{oo} 

where e™ : R"* — A™ C A™ is induced by the canonical ring homomorphism 
e : R -> A. s is a section of tt: it o s — ids^ . Let us yet denote by S"'" the image of 
s. So we can consider the canonical couple (S'™l",5'™) as a CW pair, hence it has 
the homotopy extension property. S™" is not a contractible subcomplex of S"™'", so 
in general the quotient map q : 5""!" S,n\nlS™' is not a homotopy equivalence. 
We have the following lemma. 

Lemma 4.14. The couple (S'™,oo) can be deformed into (S'™'",(X)) to the base 
point {oo}. 

Proof. In fact, let p g S""l" \ 5™. Then the inclusion i : S"^ 5""l" is nuUhomo- 
topic since 5™!" \ {oo} w (homeomorphism) . □ 

Since S"™ is contractible into 5"™'", to the point oo G S*"*'", the quotient map 
q : S*"*!" — >■ S"^W I S"'^ can be deformed into quotient mapping qt over deformed 
quotient spaces Xt = S""l"/S'™, with S"^ = ftiS"") C for some homotopy 

f : I X S"" ^ S""l", such that Xq = S""l"/S"", Xi = S""l" and qi = idg„,^„. (See 
diagram (45).) 



^■^In other words, quantum homotopy (m|n)-superspheres are not homotopy equivalent to the 
m-sphere. 
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(45) S""l" 22_J_^ gm\nlgm ^ j^^ 




S""l"/{oo} = 5""!" EE Xi 

But this does not assure that (7 is a homotopy equivalence.^'* Let us, now, consider 
also some further lemmas. 

Lemma 4.15. // [X, A) is a CW pair and we have attaching maps f,g:A-^ Xq 
that are homotopic, then IJ^ Xi i2 Xp IJ^ Xi rel Xg (homotopy equivalence). 

Lemma 4.16. If {X, A) satisfies the homotopy extension property and the inclusion 
A ^ X is a homotopy equivalence, then A is a deformation retract of X . 

Lemma 4.17. A map f : X Y is a homotopy equivalence iff X is a deformation 
retract of the mapping cylinder Mf. 

Let us emphasize that we have a natural continuous mapping ttc : Sm\n -> S*™, 
i.e., the surjection between the quantum (m|ri,)-supersphere and its classic limit, 
identified by the commutative diagram (44). The inclusion i : 5"" ^ 5" I" cannot 
be a deformation retract (and neither a strong deformation retract), otherwise i 
should be a homotopy equivalence.^^ However, ttc : 5*"'!" 5™, cannot be neither 
a retraction, otherwise their homotopy groups should be related by the split short 
exact sequence (46), 

(46) ^7rJ5"\oo) ~ ^ 7rfc(5'"''", 00) ^ 7rfc(5'"l", S"", c») ^00 

hence we should have the splitting given in (47). (For details on relations between 
homotopy groups and retractions see, e.g. [67].) 

(47) ^fe(5™l", 00) - im (i,) ker(r,) - ^,.(5", 00) ker(n). 

But this cannot work. In fact, in the case ^ = C, we should have the commutative 
diagram (48) with exact horizontal lines. 

(48) ^ TTl (5'\ 00) T ^ TT^(S\00) ^TTl{S\S\oo) ^00 



^0 ^TTi{S\S\oo) ^0 



^^Rally is contractiblc in 5™'!", but is not a contractiblc sub-complex of S™'". This 
clarifies the meaning of Lemma 4.13. For example, in the case A = C, one has that S^^" /S^ is 
not homotopy equivalent to 5^1". In fact 712(5^) = Z and ■K2{S^/S'^) ^ ir2{S'^ V S^) ^ 

^2(52 V52;Z) = Z0Z. 

-'^'^It is enough to consider the counterexample when A = C and S^'" = C U{°°} = U{°°} = 
S^. Then cannot be homotopy equivalent to S^l" = S^, since 7ri(5^) = Z and 7ri(S'^) = 0. 



30 



AGOSTINO PRASTARO 



This should imply that 7ri(S'^, oo) = 0, instead that Z, hence the bottom horizontal 
line in (48) cannot be an exact sequence, hence ttc : S*^ = 5*^ — > cannot be a 
retraction ! □ 

Corollary 4.18. Quantum homotopy superspheres cannot be homotopy equivalent 
to S'" , except in the case that the quantum algebra A reduces to R. 

Quantum homotopy groups for quantum supermanifolds are introduced in [75] . 

Theorem 4.19 (Quantum homotopy groups of quantum (m|??)-supcrsphcre). Quan- 
tum homotopy {m\n) -superspheres have quantum homotopy groups isomorphic to 
homotopy groups of m-spheres: 

(49) 7rfe(S™l") = 7rfc(^"l") = ^fc(5'"). 

Proof. In fact, we can prove for examples that 7rfe(S""l") = 0, for k < to, and 
'"'m('S'™'") = Z. For this it is enough to reproduce the anoalogous proofs for the 
commutative spheres, by substituting cells with quantum supercells. For example 
we can have the following quantum versions of analogous propositions for commu- 
tative CW complexes. 

Lemma 4.20. Let X be a quantum CW-complex admitting a decomposition in 
two quantum subcomplexes X = A[_\B, such that Af^ B = C ^ . If {A,C) is 
m-connected and (B,C) is n-connected, m, n>0, then the mappings TTk{A,C) — > 
■7Tk{X, B) induced by inclusion is an isomorphism for k < m -\- n, and a surjection 
for k = m + n. 

Lemma 4.21 (Quantum Freudenthal suspension theorem). The quantum suspen- 
sion map 7rfc(S'™'") — > tt^-i-i (S'™^"'^'"^^) is an isomorphism for k < 2m — 1, and a 
surjection for k ~ 2m — 1.^^ 

As a by-product we get the isomorphism 7rm(S'™l") = Z. 

□ 

Remark 4.22. Let us emphasize that Theorem 4^.19 does not allow to state that 
S"^ is a deformation retract of S"^^" , as one could conclude by a wrong application 
of the Whitehead's theorem, reported in the following lemma. 

Lemma 4.23 (Whitehead's theorem). // a map f : X ^ Y between connected 
CW complexes induces isomorphisms /* : TTmiX) — > Trt:{Y) for all to, then f is a 
homotopy equivalence. Furthermore, if f is the inclusion of a subcomplex f : X ^ 
Y, then X is a deformation retract of Y . 

In fact, in the case i : S"™ "—^ gin\n talking about different CW structures. 

One for is the usual one, the other, for 5""'" is the quantum super- CW structure. 
In order to easily understand the difference let us refer again to the case ^ = C. 
Here one has Tri{S^) = Z = 7ri(S'i|" = S^\° = S^), but Tri(S^) = [S\ S^] = 
[5-2, 5*2] = 772(52). Furthermore, t:i{S^) = [S\S^] = ^ MS^)- Therefore, S^\'\ 
with respect to the usual CW complex structure, has its first homotopy group zero, 
hence different from the first homotopy group of its classic limit . In fact is 
not a deformation retract of = . (Therefore there is not contradiction with 
the Whitehead's theorem.) 



^*'This holds also for quantum suspension tti^{X) —>■ irjf^i^SX), for an (m — l)-connected 
quantum CW-complex X. 
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Moreover, it is useful to formulate the quantum version of the Whitehead's theorem 
and some related lemmas. These can be proved by reproducing analogous proofs 
by substituting CW complex structure with quantum CW complex structure in 
quantum supermanifolds. 

Theorem 4.24 (Quantum Whitehead theorem). // a map f : X ^ Y between 
connected quantum CW complexes induces isomorphisms /* : TTmiX) — > t:^,{Y) for 
all m, then f is a homotopy equivalence. Furthermore, if f is the inclusion of a 
quantum subcomplex f : X ^Y, then X is a quantum deformation retract ofY. 

Lemma 4.25 (Quantum compression lemma). Let {X,A) be a quantum CW pair 
and let {Y, B) be any quantum pair with B 0. Let us assume that for each m 
TTm{Y, B,yo) = 0, for all j/o G B, and X \A has quantum supercells of dimension 
(m|n). Then, every map f : {X, A) — > (Y, B) is homotopic rel^i to a map X — > B}"^ 

Lemma 4.26 (Quantum extension lemma). Let {X,A) be a quantum CW pair 
and let f : A ^ Y be a mapping with Y a path- connected quantum supermanifold. 
Let us assume that TTm-i(Y) = 0, for all m, such that X \ A has quantum cells of 
dimension m. Then, f can be extended to a map f : X ^ Y . 

Proof. The proof can be done inductively. Let us assume that / has been extended 
over the quantum (m — l\n — l)-superskeleton. Then, an extension over quantum 
(m|n)-supercells exists iff the composition of the quantum supercell's attaching map 
^™_i|„_i ^ ^™_i|„_i ^.^j^ J . ^„_i|„_i is null homotopic. □ 

As a by-product of above results we get also the following theorems that relate 
quantum homotopy groups and quantum relative homotopy groups. 

Theorem 4.27 (Quantum exact long homotopy sequence). One has the exact 
sequence (50). 

(50) ••• Ttra{A,Xo) > Ti;niX,Xo) ^7T„(X,A, Xo) 

d 

TTo{X, Xo) ^ 6 7T„_l(A, Xo) 

where i^ and are induced by the inclusions i : {A,xo) ^ (X,xo) and j : 
{X,xo,xo) {X,A,xo) respectively. Furthermore, d comes from the following 
composition (S"™-!!""!, sq) ^ (Z)'"l", S"™"!!""!, sq) ^ {X,A,xo), hence d[f] = 

Theorem 4.28 (Quantum Hurewicz theorem). The exact commutative diagram in 

(51) relates (quantum) homotopy groups and (quantum) homology groups for (quan- 
tum) homotopy {m\n) -spheres, m > 2. The morphisms a and b are isomorphisms 

"'^^When m = 0, the condition Trm{Y,B,y(}) = 0, for all j/o 6 B, means that {Y,B) is 0- 
connccted. Let us emphasize that there is not difference between 0-connected and quantum 
0-connected. In fact [S°^",Y] = no{Y) = tto{Y) = [S°,Y], since 5°!" ^ S° = {{a},{b}), i.e., 
homotopy equivalent to a set of two points. However, after Theorem 4.19, there is not difference 
between the notion of quantum p-connected (i.e., TTfc = 0, A: < p), quantum (homotopy) (m|n)- 
supersphere, and p-connected {i.e., = 0, fc < p), (homotopy) (m|n)-supersphere. In other words, 
a quantum homotopy (m|n)-supcrsphcrc is quantum (m — l)-connected as well as its classic limit 
is (m — l)-connected. 
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for p < m and epimorphisms for p ^ m + 1. 



(51) 











a 



b 







i?p(5™;Z) 















The following propositions are also stated as direct results coming from Theorem 
4.19 and analogous propositions for topologic spaces. 

Proposition 4.29. The following propositions are equivalent for z < m — 1. 

1) 5*' — > 5" is homotopic to a constant map. 

2) S' 5" extends to a map D'+^ 5". 

3) iS"'-' — >■ S""!" is homotopic to a constant map. 

4) S'\^ S""!" extends to a map -> 

Proof. 1) and 2) follow from the fact that S*™ is (to — l)-connected, and 3) and 4) 
from the fact that 5"™'" is quantum (m — l)-connected. Furthermore, let us recall 
the following related result of Algebraic Topology. 

Lemma 4.30. The following propositions are equivalent. 

(i) The space X is m- connected. 

ill) Every map f : X is homotopic to a constant map. 

(ii) Every map f : ^ X extends to a map D^^^ — > X . 



Let us, now, consider quantum super PDE's, in the category Q.hyper,s^ with respect 
to quantum homotopy (7Ti|n)-supcrspheres. 

Definition 4.31 (Quantum hypercomplex exotic super PDE's). Let Ek C Jm\n(^) 
be a k-order PDE on the fiber bundle tt : W ^ M in the category ilhyper,s, with 
dimyi M = {m\n) and dims = (n\m^r\s), where B = A x E and E is also 
a Z{A)-module. We say that Ek is a quantum exotic PDE if it admits Cauchy 
integral manifolds N G Ek, dim = (to — Ijn — 1), such that one of the following 
two conditions is verified. 

(i) 5]™-2|n-2 ^ ^ quantum exotic supersphere of dimension {in — 2|?i — 2), 



I.e. S™-2|n-2 homeomorphlC to S'™-2|«-2^ ^m-2|n-2 _ ^m-2|«-2^ 
dlffeomorphic to 5'™-2|»-2^ ^m-2|«-2 ^ gm-2\n-2^_ 

(ii) = dN and N » but N ^ ^""-ih-i.ao 



"Compare with analogous theorem in [75] for quantum supermanifolds. 

-'^^There exists also a relative version of Lemma 4.30, saying that -WilX, A, xq) = 0, for all 
xo £ A, is equivalent to one of the following propositions, (al) Every map dD') — > (X, A) is 
homotopic rcl9D', to a map £)' — >■ A. (a2) Every map (D', dD^) —> (X, A) is homotopic through 
such maps to a map — > A. (a3) Every map {D^,dD') — > (X,A) is homotopic through such 
maps to a constant map A. 

^^For complementary information see [83]. 



□ 
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Definition 4.32 (Quantum hypercomplex exotic-classic super PDE's). Let Ek C 

"^m|n(^) ^ k-order super PDE as in Definition 4-31. We say that Ek is a 
quantum exotic-classic super PDE if it is a quantum exotic super PDE, and the 
classic limit of the corresponding Cauchy quantum exotic supermanifolds are also 
exotic homotopy spheres. 

From above results we get also the following one. 

Lemma 4.33. A quantum super PDE Ek C Jm\n(^)' where m is such that 
Qm-i = 0, cannot he a quantum exotic- classic PDE, in the sense of Definition 
4.32. 

Lemma 4.34. Form € {1,2,3,4,5,6}, one has the isomorphism reported in (52). 

In correspondence of such dimensions on m we cannot have quantum exotic-classic 
super PDE's. 

Proof. Isomorphisms in (52), follow directly from above lemmas, and the fact that 
= for TO G {1,2,3,4,5,6}. (See Refs. [80,82].) □ 

Example 4.35 (The quantum hypercomplex Ricci flow super-equation). As a by- 
product of Theorem 4-6 it follows that under the same hypotheses there adopted 
on the quantum algebra A, it follows that the quantum Ricci flow equation in the 
category '0-hyper,S) is a quantum exotic super PDE. On the other hand, such a PDE 
cannot be quantum exotic- classic for m < 7. (See [79, 80, 82].) (For complementary 
information on the Ricci flow equation see also the following Refs. [2, 18, 28, 29, 
30, 31, 32, 36, 43, 44, 45, 47, 48, 49, 51, 52, 54, 92, 97, 98].; 

Example 4.36 (The quantum hypercomplex Navier-Stokes super-equation). The 

quantum Navier-Stokes equation can be encoded on the quantum super- extension of 
the affine fiber bundle tt : W = M x I x E.'^ ^ M , {x" , x\ p, 9)Q<a<3,i<t<3 (x"). 
(See Refs. [61, 63, 82] for the Navier-Stokes equation in the category of commuta- 
tive manifolds and [65, 67, 83] for its quantum extension on quantum manifolds.) 
Therefore, Cauchy manifolds are {3\3) -dimensional quantum supermanifolds. For 
such dimension do not exist exotic spheres. Therefore, the Navier-Stokes equa- 
tion cannot be a quantum exotic-classic super PDE. Similar considerations hold for 
PDE's of the quantum super- extensions of continuum mechanics PDE's. 

Example 4.37 (The quantum hypercomplex (m|n)-d'Alcmbcrt super-equation). 

The quantum {m\n) -d'Alembert super- equation on ^"'1" cannot be a quantum exotic- 
classic super PDE for quantum (rn\n) -dimensional Riemannian manifolds, with 
TO < 7, in the category Qhyper.s- (For complementary information on the geomet- 
ric structure of the d'Alembert PDE in the category of commutative manifolds and 
quantum manifolds see Refs. [63, 64, 67, 69, 81, 82, 83] 

Example 4.38 (The quantum hypercomplex Einstein super-equation). Consid- 
erations similar to ones made in Example .^.57, hold for the quantum Einstein 
super- equation in the category Qhyper.s- 

Theorem 4.39 (Integral bordism groups in quantum hypercomplex exotic super 
PDE's in the category £}hyper,s and stability). Let E^ C J^\n{^) quantum 
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exotic formally integrable and completely integrable super PDE on the fiber bundle 
TT : W ^ M, in the category £lhyper,s, such that gk 7^ and (jk+i 7^ 0.^^ Then 
there exists a bi-graded topologic spectrum such that for the singular integral 
(p\q)-(co)bordism groups can be expressed by means of suitable bigraded homotopy 
groups as reported in (53). 



(53) 



Ek (ih)— >(oo|oo) " ii'jj J ^ m 1 1 1 ^ m 1 n 

Furthermore, the singular integral bordism group for admissible smooth closed com- 
pact Cauchy manifolds, N C E^, is given in (54). 

(54) f^f,1ii„_i,,=i^™-i|„-i(W^;A). 

In the quantum homotopy equivalence full admissibility hypothesis, i.e., by consid- 
ering admissible only (m— 1) -dimensional smooth Cauchy integral superman- 
ifolds identified with quantum homotopy superspheres, and assuming that the space 
of conservation laws is not trivial, one has VL^'' , , , =0. Then Eu becomes 
a quantum extended 0-crystal super PDE. Therefore, there exists a global singu- 
lar attractor, in the sense that all Cauchy supermanifolds, identified with quantum 
homotopy (m — l\n — 1) -superspheres, bound singular manifolds. 
Furthermore, if in W we can embed all the quantum homotopy (m — — 1)- 
.super spheres, and all such supermanifolds identify admissible smooth (m— 1)- 
dimensional Cauchy supermanifolds of Ek ), then two of such Cauchy supermani- 
folds bound a smooth solution iff they are diffeomorphic and one has the following 
bijective mapping: O e„_i|„_i. 

Moreover, if in W we cannot embed all quantum homotopy {m—l\n~l) -superspheres, 
but only S*™"^'""^, then in the quantum supersphere full admissible hypothesis, i.e., 
by considering admissible only quantum (m — 1)- dimensional smooth Cauchy 

integral supermanifolds identified with S"^^^^"~^ , then ^^^'Li|„_i = 0. Therefore 

Ek becomes a quantum 0-crystal super PDE and there exists a global smooth attrac- 
tor, in the sense that two of such smooth Cauchy supermanifolds, identified with 
g7n-i\7i~i ijQy^j^^ quantum smooth supermanifolds. Instead, two Cauchy superman- 
ifolds identified with quantum exotic (m — l\n — 1) -superspheres bound by means of 
quantum singular solutions only. 

All above quantum smooth or quantum singular solutions are unstable. Quantum 
smooth solutions can be stabilized. 

Proof. The relations (53) and (54) can be proved by a direct extension of analogous 
characterizations of integral bordism groups of PDE's in the category of commu- 
tative manifolds and quantum PDEs. (See [63, 64, 82, 83].) Then the rest of the 
proof follows directly by using above results in this section, and following a road 
similar to the proof of Theorem 5.38 given in [83]. □ 

Similarly one can prove the following theorem that extends in the category £lhyper,s 
an analogous theorem in the category of commutative manifolds and in the category 

ilhyper. (ScC [82, 83].) 



^"'^The fiber bundle tt : W — > is as in Definition 4.31, hence dim^ M = (m|n), dimg W = 
{n\m,r\s), with E endowed with a Z(A)-module structure too. 
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Theorem 4.40 (Integral h-cobordism in quantum hypercomplex Ricci flow super 
PDE's). The quantum Ricci flow equation for quantum {m\n) -dimensional Rie- 
mannian supermanifolds, admits that starting from a quantum {m\n) -dimensional 
super sphere S*'"'", we can dynamically arrive, into a finite time, to any quan- 
tum {m\n)- dimensional homotopy supersphere M. When this is realized with a 
smooth solution, i.e., solution with characteristic flow without singular points, then 
gm\n ^ rpj^^ other quantum homotopy spheres S™!"^ that are homeomorphic to 
gm\n Q^iy^ reached by means of singular solutions. 

For 1 < m < 6, quantum hypercomplex Ricci flow super PDE's cannot be quantum 
exotic- classic ones. In particular, the case m = 4, is related to the proof that the 
smooth Poincare conjecture is true. 
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Abstract. In this second part, of a work in three parts, devoted to encode 
strong reactions of the high energy physics, in the algebraic topologic theory of 
quantum super PDE's, (previously formulated by A. Prastaro), decomposition 
theorems of integral bordisms in quantum super PDEs are obtained. (For part 
I and part III see [88, 89].) In particular such theorems allow us to obtain rep- 
resentations of quantum nonlinear propagators in quantum super PDE's, by 
means of elementary ones {quantum handle decompositions of quantum nonlin- 
ear propagators). These are useful to encode nuclear and subnuclcar reactions 
in quantum physics. Prastaro's geometric theory of quantum PDE's allows us 
to obtain constructive and dynamically justified answers to some important 
open problems in high energy physics. In fact a Regge-type relation between 
reduced quantum mass and quantum phenomenological spin is obtained. A dy- 
namical quantum Gell-Mann-Nishijima formula is given. An existence theo- 
rem of observed local and global solutions with electric-charge-gap, is obtained 
for quantum super Yang-Mills PDE's, {YM)li], by identifying a suitable con- 
straint, (YM)[i]jn C (l'M)[i], quantum electromagnetic-Higgs PDE, bounded 
by a quantum super partial differential relation (Goldstone)[i]w C (yM)[i], 
quantum electromagnetic Goldstone-boundary. An electric neutral, connected, 
simply connected observed quantum particle, identified with a Cauchy data of 
(yM)[i], it is proved do not belong to (YM)[i\ui- Existence of Q-exotic quan- 
tum nonlinear propagators of (yAf)[i], i.e., quantum nonlinear propagators 
that do not respect the quantum electric-charge conservation is obtained. 

By using integral bordism groups of quantum super PDE's, a quantum 
crossing symmetry theorem is proved. As a by-product existence of massive 
photons and massive neutrinos are obtained. A dynamical proof that quarks 
can be broken-down is given too. A quantum time, related to the observa- 
tion of any quantum nonlinear propagator, is calculated. Then an apparent 
quantum time estimate for any reaction is recognized. A criterion to identify 
solutions of the quantum super Yang-Mills PDE encoding (de)confined quan- 
tum systems is given. Supersymmetric particles and supersymmetric reactions 
are classified on the ground of integral bordism groups of the quantum super 
Yang-Mills PDE {YM). Finally, existence of the quantum Majorana neutrino 
is proved. As a by-product, the existence of a new quasi-particle, that we call 
quantum Majorana neutralino, is recognized made by means of two quantum 
Majorana neutrinos, a couple {i7e, Pe), supersymmetric partner of (ve, Pe), and 
two Higgsinos. 
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Keywords: Integral (co)bordisni groups in quantum (super) PDE's; Existence 
of local and global solutions in hypercomplex quantum super PDE's; Conserva- 
tion laws; Crystallographic groups; Quantum singular PDE's; Quantum exotic su- 
persphcrcs; Quantum reactions; Quantum Regge-type trajectories; Quantum Gell- 
Mann-Nishijima formula; Q-exotic quantum nonlinear propagators; Quantum cross- 
ing symmetries in quantum super PDEs; quantum massive photons; quantum mas- 
sive neutrinos; Dark matter; Apparent quantum time; Quantum (de) confinement; 
Quantum supersymmetric partners; Quantum Majorana neutrino. 

1. Introduction 

The algebraic topologic theory of quantum (super) PDE's formulated by A. Prastaro, 
allows to directly encode quantum phenomena in a category of noncomniutative 
manifolds (quantum (super) manifolds) and to finally solve the problem of unifica- 
tion, at quantum level, of gravity with the fundamental forces [65, 68, 69, 70, 71, 
72, 74, 77, 79, 81, 82]. In particular, this theory allowed to recognize the mecha- 
nism of mass creation/distruction, as a natural geometric phenomenon related to 
the algebraic topologic structure of quantum (super) PDEs encoding the quantum 
system imder study [82]. 

Aim of this second part is to explicitly prove that nuclear and subnuclear reactions 
can be encoded as boundary value problems in the Prastaro's algebraic topology 
of quantum super PDEs, and can be represented in terms of elementary reactions. 
(For part I and part III see [88, 89].) 

It is important to emphasize that quantum conservation laws do not necessarily 
produce conservation of quantum charges in quantum reactions. In fact, it is also 
important consider the topological structure of the corresponding quantum non- 
linear propagators encoding these reactions. In [88] (Part I), we have shown this 
fact for the observed quantum energy. In this second part we characterize observed 
quantum nonlinear propagators V of the observed quantum super Yang-Mills PDE, 
(YM) [i] , with respect to the total quantum electric-charge. Then we define Q-exotic 
quantum nonlinear propagators ones where there is a non-zero lost quantum electric- 
charge, £l[V] E A, in the corresponding encoded reactions. {A is the fundamental 

quantum superalgebra in {YM)[i].) This important phenomenon, that is related 

to the gauge invariance of (yM)[i], was non-well previously understood, since the 
gauge invariance was wrongly interpreted as a condition that necessarily produce 
the conservation of electric-charge in reactions. Really just the gauge invariance 
is the main origin of such phenomenon, but beside the structure of the quantum 
nonlinear propagator. This fundamental aspect of quantum reactions in (yA'/)[i], 
gives strong theoretical support to the guess about existence of quantum reactions 
where the "electric-charge" is not conserved. This was quasi a dogma in particle 
physics. However, there are in the world many heretical experimental efforts to 
prove existence of decays like the following e~ ^ + v, i.e. electron decay into 
a photon and neutrino. In this direction some first weak experimental evidences 
were recently obtained.^ With this respect, one cannot remark the singular role 
played, in the history of the science in these last 120 years, by the electron, a very 

^Scc [25]. Some other exotic decays were also investigated, as for example the exotic neutron's 
decay: n^p + u + P. [54]. 
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small and light particle. In fact, at the beginning of the last century was just the 
electron to cause break-down in the Maxwell and Lorentz physical picture of the 
micro-world, until to produce a completely new point of view, i.e. the quantum 
physics. Now, after 120 years the electron appears to continue do not accept the 
place that physicists have reserved to it in the world-puzzle. 

In the following we show as it is organized the paper and list the main results. 
2. Theorem 2.2: A representation of quantum nonlinear propagators by means 
quantum exchangions and quantum virtual particles is given. 3. Theorem 3.2 char- 
acterizes quantum nonlinear propagators in quantum super Yang-Mills PDE, on 
quantum super Minkowski space-time. 4. Theorem 4.5: The quantum mass is rep- 
resented by means of the quantum torsion of the corresponding solution. Corollary 
4.7: A direct relation between square reduced quantum mass and phenomenologi- 
cal quantum spin is given. ^ Theorem 4.8 gives a dynamical quantum Gell-Mann- 
Nishijima formula. By means of this formula one obtains a dynamical interpretation 
of quantum hypercharge and quantum 3*'' isospin component. An existence theo- 
rem of observed local and global solutions with electric-charge-gap, is obtained too 
for observed quantum super Yang-Mills PDE's, (yAf)[i]. It is identified a suitable 
constraint, (yM)[i]u, C {YM)[i]^ quantum electromagnetic- Higgs PDE, bounded 

by a quantum super partial differential relation (Goldstone) C (KA/)[i], quan- 
tum electromagnetic Goldstone-boundary. An observed quantum nonlinear prop- 
agator V C (yM)[i], crossing the quantum electromagnetic Goldstone-boundary 
loses (or acquires) the property to have an electric-charge gap. An electric neutral, 
connected, simply connected observed quantum particle, identified with a Cauchy 
data of (yM)[i], cannot be contained into {YM)[i]^. Theorem 4.10 proves that 
the quantum electric charge is not necessarily a conserved quantum law for any 
quantum nonlinear propagator of (yM)[i]. In fact, it is proved the existence of 

Q-exotic quantum nonlinear propagators in (YM)[i], encoding observed reactions 
that do not respect the conservation of the quantum electric-charge. Theorem 
4.12: By using integral bordism groups of quantum super PDE's, a quantum cross- 
ing symmetry theorem is proved. Theorem 4.13: Existence of solutions of quantum 
super Yang-Mills PDEs, (YM), representing productions of quantum massive pho- 
tons, is proved.'^ Theorem 4.15: Theorem 4.13 is generalized to other quantum 
electric-charged particles. Theorem 4.18 states existence of quantum massive neu- 
trinos, i.e., there exist quantum nonlinear propagators of (YM) encoding decays 
of massive quasi-particles into a couple (neutrino, antineutrino).^ Theorem 4.20: It 
is proved that quarks cannot be considered fundamental particles, i.e., they can 
be broken-down. Theorem 4.23: Existence of massive quasi-particles, with masses 



■^In particular this result shows how the phenomenological Regge-type trajectories emerge from 
the geometric theory of quantum (super) PDE's formulated by A. Prastaro. 

■^These can be identified with quantum neutral massive vector bosons. The annihilation 
electron-positron must necessarily produce an intermediate quantum virtual massive photon. 

^Quantum massive photons, quantum massive neutrinos and a-quantum massive photons could 
interpret the so-called "dark matter" that nowadays is a spellbinding object of active research. 
This exotic matter is related to the geometric structure of {Y M) that identifies the subequa- 
tion {Higgs). A global solution V C (YM), crossing the quantum Goldstone-boundary of 
(Higgs), acquires (or loses) mass. (See [82], Example 4.19 and footnote at page 30, conccrnig 
TT^-photoproduction.) 
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that apparently contradict the conservation of mass-energy, is proved. This is re- 
lated to the new concept of quantum time (see Definition 4.21) that comes from the 
interaction between quantum rclativistic frame (i.e., an observer) and the quantum 
system. Theorem 4.27: A criterion to identify solutions of (YM), encoding confined 
quantum systems, is proved. Lemma 4.31 and Lemma 4.32 state existence of su- 
persymmetric particles and supersymmetric reactions by means of integral bordism 

groups of (YM). Theorem 4.29: Existence of quantum Majorana neutrino and a 
new quasi-particlc, that we call quantum Majorana neutralino, for its similarity 
with the so-called neutralino, are obtained, by using algebraic topologic properties 
of (YM). 

2. Surgery in Quantum Super PDEs 

Let us assume as a prerequisite of this section the knowledge of some previous works 
by A. Prastaro on quantum (super) PDEs. However, to fix more directly ideas we 
recall also some fundamental definitions and results that are soon related to the 
subject here considered. 

Let A = Aq X Ai he a, quantum superalgebra in the sense of Prastaro. 

Definition 2.1. An {m\n) -dimensional bordism in the category Qs of quantum 
supermanifolds, consists of the following [W; Mq, /q; Mi, fi), where W is a compact 
quantum supermanifold of dimension (m|n) and closed [m — l|n — \)- dimensional 
quantum supermanifolds Mq and Mi, such that dW ~ Nq U iVi, and quantum 
diffeomorphisms fi : Mq — >■ Ni, z = 0, 1. An [m\n)- dimensional h-bordism, (resp. 
s-hordism) is a {m\n) -dimensional bordism as above, such that the inclusions Ni ^ 
W , i = 0,1, are homotopy equivalences, (resp. simply homotopy equivalences). 
We will simply denote also by (W; Mq, Mi) an {m\n)- dimensional bordism in the 
category £ls . 

Theorem 2.2 (Quantum handle decomposition of nonlinear quantum propagator 
in quantum super PDEs). Let C Jm+i\n+i^^) ^ quantum super PDE in the 
category £ls and let V C Ek be a compact solution of a boundary value problem, i.e., 
dV = Nq U Let us assume that Ek is formally integrable and completely inte- 

grable. Then there exists a quantum-super-handle-presentation (1) of the nonlinear 
quantum propagator V . 

(1) v^iU^^U'-'U^''*^ 

where (Vj] Mj) is an adjoint elementary cobordism with index Pj\qj , such that 

0|0 < pi\qi <P2\q2<---< PsIQs < m + l\n + 1 

and ALq = Nq, Mk ~ Ni. Ln (1), the symbol « denotes homeomorphism. 

Proof. Let M be a quantum supermanifold of dimension (m|n) and let us consider 
an embedding 

<j> : S-Pl? X D"^~p\^~i ^ M, 
Let us consider the following (m|n)-dimensional quantum supermanifold 

M' = (i\/\int(0(5Pl' X D"--p\"-i))'j U^(spi«xs...-p-ii"-.-M x s^-p-il"-?-!) . 

^Let us recall that V such that dV = A^qU A''i, is called quantum non-linear propagator between 
the two Cauchy data Nq and A'^i. This is the non-linear extension of the concepts of quantum 
propagator, usually used to quantize a classical field theory. For more details see Refs. [79, 81, 82]. 
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We say that M' is obtained from M by a {p\q) -surgery, i.e., cutting out int(S'Pl'^ x 
^m-pln-g) ^^^^^ gj^^jj^g £)P+i|<j+i ^ s-m-p-il"-./-! ^ The process of surgery is 
related to cobordism and handle attaching ones. Let {X, dX) be a (m + l|n + 1)- 
dimensional quantum supermanifold with boundary dX, and let 

^ : S-fl? X £)™-pl"-9 ^dX = M 

be an embedding. Set 

X' = X y X . 

0(5p-1|9-1 x£|m-p+l|„-,+ l) 

We call X' obtained from X by attaching a (m + l|n + 1)- dimensional quantum 
superhandle of index p\q. One has 

M' = dX' = (ax\int(0(5'''-il''-i X £)'"-p+i|"-<7+i))^ U</,(s>.-ii»-i xs— (-^'''' x 

We say that Af is obtained from M by a quantum (p — Ijq— l)-surgery. The surgery 
allows us to obtain a cobordism 

W = (^M X IJ X i)™-P+i|"-'/+ij 

0(SP-i|9-ixD"'-p+il"-<!+ix(l,l)) 

with = M U Af'.*^ 




Fig. 1. Relation between attaching quantum super handles and 
cobordisms on non-closed quantum supermanifold. The picture is 
made taking a (2|2)-dimensional quantum supermanifold X with 
boundary dX. Then X' = -''^ Uso|Ox£)i|i ^^'^ obtained from X by 
attaching on the boundary M = dX, a (2|2)-dinicnsional quantum 
superhandle of index 1|1, h^^^ = Z)^'^ x Z)^'^. For the boundary 
Af EE dX' one has Af = (dX \ int(S'0|o x D^\^) Usoio^^soio ^"^'^ x 
^o|o^ This is a disjoint union of two of quantum supercircles. 
Then the (2|2)-dimensional quantum supermanifold W = {M x 
-^^'^) Usoioxi)iiix{oo} -^^'^ ^ -^^'^ ^^^^ bordism obtained by at- 
taching to M x D^l^ the (2|2)-dimcnsional quantum superhandle 
of index 1|1: h^\^ D^\^ x D^\\ In fact, one has dW M U M' . 



In order to fix ideas we report in Fig. 2 some examples in dimension (m|n) = (1|1), (2|2), 
showing the relation between attaching quantum superhandles and cobordism. In Fig. 1 is repre- 
sented the case of a (2|2)-dimensional quantum supermanifold X with boundary dX. Let us recall 
that S™!"- = Jijn\n |J|oo} is the {m|n)-dimensional quantum supersphere and £)"^\" c S™!", such 
that c'D"'!" = 5""-i|"— 1 is the quantum supermanifold called quantum (m|n)-dimensional su- 
perdislt. One has A"!" = A" = {0} and dt)^^^ ^ S"!" = {0} U{«=}- (For ^^rc information about 
see [79].) 
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Fig. 2. Relation between attaching quantum supcrhandles and 
cobordisms. In the figure on the left, dim Af = 1|1 = dimM', M = 
S"!!! and M' = MUsoio={o oo}(^^'^ ^ The (2|2)-dimensional 

quantum supermanifold blue colored is M x W is the (2|2)- 

dimensional quantum supermanifold (blue-grey colored) hording 
M and M', dW = M U M' . In the figure on the right, dimM = 
(2|2) dimM', M = S^l^ and M' ^ A/Uso|Oxsi|i(-D^'^ x S^^^) = 

MUP^Il X S^\^). ly = (M X Usoioxii^l^xioo} ^^'^ X ^2|2 ^ 

(Mxl)^l^) U A^l^ is the (3|3)-dimensional quantum manifold, (grey 
colored), hording M and M', dW = M U M', where /i^l^ is the 
(3|3)-dimensional quantum superhandle of index 1|1. 

We shall use the following lemma. 

Lemma 2.3. 1) Every bordism (W; M') in the category Qg, with dim ly = 
(m + l\n + 1), dim7\/ = dim A/' ~ m\n, has a quantum superhandle decomposition 
as the union of a finite sequence 

{W; M, M') = (VFi; Mo, Mi) |J(I^2; Mi, M2) |J • • • {Wu; Mk-i,Mk) 
of adjoint elementary conditions (Wj] AIj-i, AIj) with index pj\qj , such that 

0|0<pi|qi <P2\q2 < ■■■ <Ps\qs <m + l|n+l 
and Mo = M, Mfc = M'. 

2) Closed (m\n)- dimensional quantum super manifolds M , M' are cobordant iff M' 
can be obtained from M by a sequence of surgeries. 

3) Every closed {m\n) -dimensional quantum supermanifold can be obtained from 
by attaching quantum supcrhandles. 

Proof See Theorem 2.19 in [79].'^ □ 

Let us remark that the proof of Lemma 2.3 is related to the quantum CW substitute 
structure of quantum nonlinear propagators, hence the relations considered in this 
lemma arc to consider homeomorphisms. On the other hand the handle decompo- 
sition of the quantum nonlinear propagator V , is related also to the quantum cell 

''Handle decomposition of bordism for manifolds has been introduced by Stephen Smale [96]. 
Lemma 2.3 generalizes to quantum supermanifolds an analogous result for commutative manifolds. 
However, the proof of Lemma 2.3 is not found on the Morse function, (see, e.g., [48]), but on the 
quantum CW-substitutes for quantum supermanifolds. 
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composition that always holds for a (to+ l\n + l)-dimensional quantum supermani- 
fold, according to its quantum CW-structure. But the relation between a quantum 
superdisk D^^^ and a (r|s)-dimensional quantum superhandle A^'' of index p\q, is 
in general an homeomorphism hP^"^ w Z)pI'^ x f)^-p\^-'}^ that cannot be reduced to a 
diffeomorphism in the category £ls-^ In Tab. 1 are reported some useful examples 
of quantum superhandle decompositions of quantum supermanifolds. 



Tab. 1. Examples of quantum superhandle decompositions of 
quantum supermanifolds. 



Name 


Symbol 


Handle-decomposition 


Figures 


Quantum {m|n)-supersphere 




h°l°U'>"''" 




• • 




Quantum (m. + I n + l)-supercobordism 


(£1™+1|"+1;0,S""I") 


ft°l° 




• 




Quantum (2|2)-supertorus 


fill = gill X gill 


/jO|oy,;i|ly,-l|ly,-j2|2 








Quantum punctured Mobius band 




S'lll X £)i|iU'i'i' 









Since y is a (m+l|ri+l)-dimensional bordism between (m|n)-dimensional quantum 
supermanifolds A^o and A'^i, we can determine its handle decomposition (1), that 
identifies intermediate final Cauchy quantum supermanifolds Mj that are obtained 
from the previous one Mj-i by means of an integral surgery. Let us emphasize that 
each Mj must necessarily be an integral quantum supermanifold having the same 
dimension of A^o since it belongs to the same bordism class [Nq]. Furthermore, 
since each quantum supermanifold Mj is contained into V, it follows that Mj 
can be identified with a Cauchy (m|n)-dimensional quantum supermanifold of Ei^, 
i.e. an admissible (m|n)-dimcnsional quantum integral supermanifold of Ek C 
"^m+i|ri+i(^)- Therefore Mj belongs to the same bordism class [A^o] G ^fn\n '^^ 
in Ek- The situation is pictured in Fig. 3. □ 

Definition 2.4 (Quantum exchangions and quantum virtual particles). Let Ek C 

'^m+i|n+i(^) ^ quantum super PDE in the category £}s o,nd let V C Ek be 
a compact solution of a boundary value problem, i.e., dV = Nq U Ni. We call 
quantum exchangions the quantum integral superhandle that are attached to obtain 
intermediate Cauchy manifolds Nj\j defined in the proof of Theorem 2.2. We call 
quantum virtual particles. 

Remark 2.5. Note the structural difference between quantum exchangions and 
virtual particles. In fact, the first are quantum (m + l|n + I) -chains, hence having 
the same dimension of solutions of E^. Instead, the second ones are quantum 

^For example, let us consider the category of complex manifolds, say £. There the quantum 
algebra is the R algebra of complex numbers C, and the morphisms are holomorphic mappings, 
hence differentiable mappings, having C-linear derivatives. Diffeomorphisms in C are usually called 
biholomorphic mappings. In fact, it is well known that do not exist biholomorphic mappings 
between an unit ball in C, (here identified with a quantum m-disk, D"^), and the complex m-disk, 
D*", {generalized Poincare's theorem [40]). 
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Fig. 3. Representation of quantum superhandlc decomposition of 
quantum nonlinear propagator. The grey colored part denotes 
quantum superhandlc decomposition of the bordism V (red col- 
ored). The grey bordisms identify the sections Mj on V, hence 
the adjoint elementary cobordisms Vj. For semplicity there is not 
represented any particular quantum superhandlc, but only as par- 
ticular bordisms are related to the quantum nonlinear propagator. 

(mln)- chains, hence having the same dimension of the initial and final Cauchy 
data.^ 

Proposition 2.6. A quantum exchangion does not change the integral bordism 
class of Nj with respect to Nq one. 

Proof. In fact A'o and Mj must necessarily belong to the same quantum integral 
bordism class in since dVi — NqU M2 and dV2 = M2 U M^, and so on. □ 

Proposition 2.7. Whether Nq is the disjoint union of two (or more) components, 
e.g., Nq = alA b, then a quantum exchangion can change the quantum numbers of 
a and b, even if the total quantum number of aUb does not change. 

Proof. This follows directly from Proposition 2.6. □ 

Definition 2.8 (Fundamental quantum particles). For a quantum system, encoded 
by a quantum PDE Ek C J^^-yi^j^j^ilW), we define quantum (m|n)-particles, ad- 
missible quantum integral {m\n)-chains N CZ Ek '^m+i\n+i' 

We call fundamental quantum (m|n)-particles for the quantum PDE Ek, ones that 
cannot be decomposed into other quantum particles. 

Proposition 2.9. The fundamental quantum {m\n) -particles of quantum PDE 
Ek C jm^i\n+ii^) ' "^^^ identified with the bordism classes of the weak integral 

^It is useful to emphasize that quantum exchangions and quantum virtual particles, well in- 
terpret the meaning of "exchange particles" introduced in Feynman diagrams (1949) to represent 
particle interactions, like photons (electro-magnetic interactions), W and Z particles (weak inter- 
actions), gluons and gravitons (strong interactions). (See, e.g., Refs. [23, 38].) Furthermore, in 
the framework of Theorem 2.2 we understand also that Regge trajectories and Regge resonances 
(1959), introduced in the phenomenological theory of strong reactions by the pioneering works of 
T. Regge [92] (and principally developed also by R. Blanckebecker and M. L. Goldberger [7], G. F. 
Chew and S. C. Fraustschi [14], V. N. Gribov [28] and G. Veneziano [100]), find their interpretation 
as quantum exchangions and quantum virtual particles. 
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hordism group ^, (resp. singular integral hordism group g, resp. integral 

bordism group fl^^^). Then we will distinguish into weak- fundamental quantum 
(m|n)-particles, singular-fundamental quantum (m|n)-particlcs, resp. fundamental 
quantum (m|n)-particles respectively, for the quantum PDE Ek C Jm+i\n+i^^)- 
Furthermore the exact commutative diagram (2) shows how such fundamental quan- 
tum particles are related. 





4- \- \- 

4- J' J' 

\. s[- 4- 



Proof. The proof follows directly from Definition 2.8, Theorem 2.2 and Proposition 
3.3 in [74]. □ 



Remark 2.10. Let us emphasize that the concept o/ fundamental quantum parti- 
cles, is strictly related to the quantum (super) PDE Ek, or in other words, to the 
quantum theory encoded by Ek. Whether we aim to forget the framework defined 
by Ek, and to discuss about fundamental quantum particles in general, we see that 
the unique fundamental one is 0. In fact, according to Lemma 2.3(3), we can 
build any quantum particles just starting from 0, and adding quantum handles or 
quantum- cells. ^'^ 

Example 2.11 (Two-body high energy reactions). Let us consider the following 
typical two-body strong reactions: tt^ -\-p — > Tr'^-f n, n^+p ^ iT^-\-p, i:'^-\-p — >■ p-\-i:^ . 
The first reaction can be considered obtained with a quantum nonlinear propagator 
having an intermediate virtual neutral p meson, with charge exchange. In the sec- 
ond reaction the quantum nonlinear propagator has an intermediate virtual double 
electric charged particle and a neutral quantum pomeron Pom, quantum exchangion 
h^^^ , representing an elastic scattering. In the third reaction can be considered the 
quantum nonlinear propagator has an intermediate virtual neutron n, in backward 



^From this geometric structural point of view, we clearly understand that also some particles, 
that are usually considered fundamental, cannot be considered so. For example electrons and 
quarks are not quantum fundamental particles whether considered as geometric objects. This 
agrees with experimental evidences that so-called " quasiparticles" with fractional charges, or with 
separated quantum numbers (e.g., decay e~ spinon -|- orbiton), were detected. (See, e.g. 
[24, 94] .) Furthermore, it is important to distinguish the concept of quantum fundamental particle, 
from the one of quantum stable particle. Without any quantum theory, i.e., without any quantum 
(super) PDE, for the first the unique one is 0, and for the second, it is a no sense. On the other 
hand, with respect to a quantum (super) PDE Ef^ we can understand that the concept of stability 
is just related to the integral bordism groups of E^., hence from this point of view the concept of 
"fundamental particle" and "stable particle" become related each other one. 
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scattering. In other words, in all these reactions the final Cauchy data can be ob- 
tained from the initial one by means of two adjoint elementary bordisms}^ 

Example 2.12 (Proton-proton chain reactions). In the following we shall see that 
solutions, representing proton-proton chain reactions, typical in the Sun for the 
production of 2^6, can be encoded with quantum nonlinear propagators, admitting 
handle decompositions. In general one can classify such reactions into five basic 
groups. 

(I) Production of |i/e with intermediate particles {e"'", I'e, 7, iH = iD, 2He}. 



( {H + lH ^ e+ + iy^ + lH+ 0.42 MeV 

(3) { Id + \H ^^He + j + 5.A9MeV 

[ + iHe -^2\H + iHe + 12.86 MeV 

(II) Production of jiJe with intermediate particles {i^e, 7, iBe, ^Li}. ^'^ 

( lHe + lHe^lBe + -i 

(4) I |Be + e- ^ ^Li + i^e + 0.383 - 0.861 MeF 
[ iLi + lH 2^He 

(III) Production of with intermediate particles {e"*", i/g, 7, "iBe, \Be, \B}. 

' lHe + jHe^+lBe + "f 



In Fig. 4 we represent some solutions corresponding to reactions in (I). By using 
the definition introduced in [82], we can say that in both reactions there represented, 
the quantum nonlinear propagator V , is a quantum matter-solution. Furthermore, 
in the second reaction, the handle decomposition of V , identifies a Goldstonc piece 
Vq — V f]{Goldstcme) . This is the part arriving to 7. 



The quantum virtual particles there involved can be considered generalizations in the geomet- 
ric theory of quantum {supcr)PDEs, of objects called reggeons in analogous reactions considered 
in the framework of the phenomenological theory of strong reactions developed in the first two 
decades of the second half of the last century. (See, e.g., [22].) However, let us emphasize that 
pomeron is better represented as quantum exchangion than a quantum virtual particle. In fact, 
pomeron, as usually considered in the phenomenological theory of strong reactions, does not carry 
charge [22]. On the other hand in the elastic scattering 7r+ + p 7r+ -|-p it is impossible that the 
quantum virtual particle should be neutral one. 

^■^Let us recall the nucleus-notation ^X, where X denotes the chemical symbol, A = Z -\- N is 
the mass number, with Z the atomic number=number of protons and N the number of neutrons. 

^•^In the Sun this chain reaction is dominant in the temperature range 10 — 14 MK. In presence 
of electrons, on has also the secondary reaction + e~ — > 27 -|- 1.02Mv. 

^'^\n the Sun this chain reaction is dominant in the temperature range 14 — 2'iMK. 

^^In the Sun this chain reaction is dominant in the temperatures that exceeds 23 MK. 
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Fig. 4. Representation of some solutions of p + p reaction chain. 
From left to right. JiJ+JiJ — > e^+z^e+i-ff- Here the quantum non- 
linear propagator V has a three step decomposition: Vi IJ V2 IJ V3. 
Furthermore there is a virtual quantum particle M3 with a dou- 
ble electric charge. One has Vi = Mq x Z)^'^, V2 = h^^^ and 
V3 = h^^^ljh^^^. The final Cauchy data is represented by three 
disjoint supermanifolds. In the reaction + \H — > \He + 7, the 
quantum nonlinear propagator V has a three step decomposition 
too: FiUV^2U^3, but Vi = A/o x £>i|\ = /i^l^ and = /i^'^- 
There is a double electric charged virtual quantum particle Afs, 
and the final Cauchy data is represented by two disjoint quantum 
supermanifolds. 

3. Surgery in Quantum Super Yang-Mills PDEs 

Let us emphasize, now, that in the reactions considered in the above section, we have 
not really specified the contribution of a specific quantum PDF, i.e., we have not 
considered some specific integral bordism group. On the other hand, without the 
introduction of these fundamental structures, what we can do is reproduce some 
phenomcnological theory like dispersion relations and Regge models that cannot 
be but predictive dynamical theories. Therefore to dynamically encode proton- 
proton reactions we shall use the quantum super Yang-Mills PDF, and to solve 
suitable boundary value problems. We have formulated this general theory in some 
our previous works [81, 82]. In the following we shall consider some particular 
applications. 

Definition 3.1 (Quantum scattering processes in (YM)). We call quantum scat- 
tering process in {YM) any boundary value problem where are fixed two disjoint 
Cauchy data Nq, Ni G (YM). The first is called initial Cauchy data and the sec- 
ond the final Cauchy data. A solution of a quantum scattering process in (YM) 
is any quantum non linear propagator V C (YM), such that dV = Nq U Ni, if 
dNo = dNi = 0, otherwise dV = NqU PU Ni, with P C (YM), integral manifold 
such that dP = dN^ U dNi. 

Theorem 3.2 (Quantum scattering processes in {YM) on 4-dimensional quan- 
tum super Minkowskian manifold). Let us assume that the base manifold M of 

{Y M) is a {A\'i)- dimensional quantum super Minkowski manifold. Then [YAI) is a 
quantum extended crystal PDE. Furthermore, if we consider admissible only inte- 
gral boundary manifolds, with orientable classic limit, and with zero characteristic 
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quantum supernumbers, (hill admissibility hypothesis ), one has: n^jg"^ = 0, ana 

(YM) becomes a quantum 0-crystal super PDE. Hence we get existence of global 

solutions for any boundary condition of class . 
Elementary quantum nonlinear propagators V are {4:\'i) -dimensional quantum su- 
permanifolds with boundary dV = Nq IJ P IJ Ni , such that V is homeomorphic to 
One can classify V on the ground of its boundary dV . This can be diffeo- 
morphic to a quantum exotic supersphere Tj^^^ or to a quantum super sphere S^^^ }^ 

Proof. In £) = 4, the usual iV-supersymmetric extension g of the Poincare algebra 
p = so(l,3) © t, is a Z2-graded vector space = flo © 0i: with a graded Lie 
bracket, such that go = P © b, where b is a reductive Lie algebra, such that its 
self-adjoint part is the tangent space to a real compact Lie group. Furthermore 
01 = (5,0) ® s © (0, ^) (g) s*, where (5,0) and (0, \) are specific representations 
of the Poincare algebra. Both components are conjugate to each other under the 
* conjugation, s is a A'^-dimensional complex representation of b and s* its dual 
representation.^* Note also that the Lie bracket for the odd part is usually denoted 
by {, } in theoretical physics. Then with such a notation one has 

(8) {Ql,Q'p} = S'^{rC)o.pP, + U'^{C),,p + y*^(C75)a/3 

where V = -U^\ V'^ = -V^' are the {N - l)N central charges, C is the (an- 
tisymmetric) charge conjugation matrix, (Q^)i=i,...,Ar, are the N Majorana spinor 
supersymmetry charge generators. The dynamical components /i', i = l,...,iV, 
of the quantum fundamental field, corresponding to the generators Q', are called 
quantum gravitinos. So in a quantum iV-SG- Yang-Mills PDE, one distinguishes N 
quantum gravitino types, (and (TV — l)iV central charges). 

Then a quantum superextension of is A (8)r g, where ^ is a quantum superalge- 
bra. This can be taken A C L{T-L), where H is a super-Hilbcrt space. (See also 
Rcfs.[74].) In Tab. 2 arc reported supcrsymmetric semi-simple tensor extensions of 

Table 2. Supersymmetric semi-simple tensor extension Poincare 
algebra in Z? = 4. 



[Jap, J-fS] = Vp-fJaS + VaSJp-t - Va-yJ^S — VpsJaj, [Pa , P/}] = cZa^ 

[Jap,P-y] = Vp-fPa — r)a-,Pp, [Jq/3, Z^s] = r]asZi3j + Tjp^ZaS — Vai^PS — VpsZaj 

[Zap, P~i\ = ^{VPjPa - Va-yPp), [Zap,Zjs] = ^{VaS^pj + Vp-jZaS ~ VafZ/jS - VpsZa-f) 

[Jap,Q^] = -{'^apQ)~t, [Pa,Q-i] = a{'yaQ)-,, [Zap , Q-,] = — ^ (o-apQt) 

[QcQp] = ~b[2^h^C)apPs + {a'-'^C)apZ^s] 



Poincare algebra in Z) = 4 too. There a, b and c are constants. This algebra ad- 
mits the following splitting: so(3, 1) © osp(l, 4), where so(3, 1) is the 4-dimensional 
Lorcntz algebra and osp(l,4) is the orthosymplectic algebra. Then, by considering 



In general quantum nonlinear propagators are not elementary ones, but can be decomposed 
in elementary ones. 

"'^^A reductive Lie algebra is the sum of a semisimple and an abelian Lie algebra. Since a 
semisimple Lie algebra is the direct sum of simple algebras, i.e., non-abelian Lie algebras, 1^, where 
the only ideals are {0} and {U}, it follows that b can be represented in the form fa = a © Y2i 's- 

^®If p : g — > LiV) is a representation of Lie algebra, its dual p : g — > L(V), working on the 
dual space V, is defined by p{u) = —p(u), V« £ g. 
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the quantum superextension A (X)r [so(3, 1) ® osp(l, 4)], where A is a. quantum su- 
peralgebra, and with respect to the sphtting /i = @/i + (c)/i + 4</i of the fundamental 
field ft, we get: 

(9) <^ @(l = J^pujfdx-^ 

The dynamic equation are resumed in Tab. 3. 



Table 3. Local expression of (YM) C JD^{W) and Bianchi iden- 
tity (B) C JD^iW). 



(Field equations) E^. = ~{dB.Rf^-^) + [Cf ^Ac . -^h '^^1+ = 


(YM) 




(ax^,.Af,) + icf^[Ai,,/ii,]+ 




(Fields) 


(Bianchi identities) Bf^,^, = {SXh-R'^^a.) + 3 C|S [Ah aJ+ = 





1 3 3 



We call quantum graviton a quantum metric g obtained by a solution pL of (yM), 
via the corresponding quantum vierbein. 
Since H:i{M]K) = 0, we get 



'3|3,it! 3|3,s 

^ ^0 {8)k ^3 (M^; K) Ai iJa ( W^; K) 
= Ao Ok i?3 (M; K) Ai {g)K i?3 (M; K) = 

So (yM) is a quantum extended crystal super PDE. However, in general, {YM) 
is not a quantum 0-crystal super PDE. In fat one has the following short exact 
sequence 




— ker(,) 

hence ^^3|3''^''^'' — ker(j) 7^ 0. Note that ker(j) is made by [N\ e ^^3^3^''^'' such that 
N = dV , where V is some (4|4)-dimensional quantum supermanifolfd identified 
with a submanifold of J^i^{W). However, if we consider admissible only integral 
boundary manifolds, with orientable classic limit, and with zero characteristic quan- 
tum supernumbers, {full admissibility hypothesis), one has: rigjg^^^ = 0, and {YM) 
becomes a quantum 0-crystal super PDE. Hence we get existence of global 
solutions for any boundary condition of class Q'^ ■ 

Then we get the exact commutative diagram (11). (For notation see [81, 82].) 



(11) 



K. 



(YM) 
3|3;2 



(YM) 
3|3 



O (YM) 
"6 
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Taking into account the result by Thorn on the unoriented cobordism groups [99], 
we can calculate = Z2©Z2®Z2- Then, we can represent Qq as a subgroup 
of a 3-dimcnsional crystallographic group type [G'(3)]. In fact, we can consider the 
amalgamated subgroup D2 x 1^2*02 D^, and monomorphism fig — > D2 x Z2*£)2 D4, 
given by (a, 6, c) i— ^ (a, &, 6, c). Alternatively we can consider also ilg ^4 *-D2 ^4- 
(See Appendix C in [80] for amalgamated subgroups of [G(3)].) In any case the 

crystallographic dimension of (YM) is 3 and the crystallographic space group type 
are D2d or D4/1 belonging to the tetragonal syngony. 

• If the initial and final Cauchy data are non-closed compact bounded 3|3-dimensional 
quantum supermanifolds, we can consider the exact commutative diagram reported 
in (12). There B,\,{Ek;A) = ker(a|5^^^(^^.^^)), Z.|.(4.;A) = im (ai^^^^^^^^^^), 

H,\,{Ek]A) = Z.\.{Ek;A)/B.\.{Ek;A). Furthermore, 

{&€ [a] G Bor,\,{Ek; A) ^ a-b = dc, cS C,\,{Ek;A), 
be[a]€ Cyc,\,{Ek\A) => d{a - fe) = 0, 
{a~b^dc, ceC,i,{Ek;A) J 

It follows the canonical isomorphism: "^Q.,\, si^k) — H,^,{Eki A). As Ct\t{Ek, A) 

is a free two-sided projective A-module, one has the unnatural isomorphism: 

5or.|.(4; A) ^ X|.,,(4) Cyc.^.{Ek;A). 

Then a = A''o IJ P and h = Ni belong to the same bordism group. More precisely 
one has 

b e[a] e Bor^^^ , ^ a-b = dc, c=V, 

such that, dV = A'oU^U^i- general one has the following relation with the 
(closed) bordism group f^^jg: 

^"^313 - ^313 ^yc^3 

where the cyclism group Cyc^^, is defined by the condition 5 G [a] € Cyc^g iff 

d{a — b) = 0. Since, under the full admissibility hypothesis, one has fi^^g = 0, we get 

Sor^g = Cyc^g. Therefore, wc can say that inequivalent quantum particles in Ek, 
are identified with (3|3)-dimensional bounded compact quantum supermanifolds, 
Cauchy data in Ek, that are in correspondence one-to-one with bordism classes in 
Bor^§ = Cyc^^l- Therefore, we get that the group of such fundamental particles 
arc identified with 

C3\3iEk;A)/B3\3iEk;A) ^ C3\3iEk; A)/ Z^i^iEk; A). 
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(12) 

^B.i.(Ek;A) ^Z.i.{Ek;A) ^H.i.{Ek;A) ^0 

^ '*n.|.,,(^fc) ^ 5or.|.{Efc; A) ^ Cyc.^.(h■,A) ^ 



• Above results mean that all (3|3)-diniensional closed integral quantum superman- 
ifolds X <Z Ek are boundary of some 4|4-dimensional integral quantum supermani- 
fold V G Ek; i-c, X = dV . In other words, fixing two Cauchy data iVo and A^i in 
Ek, we can consider a quantum non- linear propagator V between them, identified 
by means of a (3|3)-dimennsional closed compact integral quantum supermanifold 
X C Ek; such that X = A^o U U • Therefore a quantum non- linear propagator 
between Nq and iVi can be identified with a connected (3|3)-dimennsional closed 
compact integral quantum supermanifold X G Ek homeomorphic to Nq IJ -P IJ Ni . 
Since f23|3 = 0, it follows that we can represent such quantum non- linear propa- 
gators, with a (3|3)-dimensional quantum supersphcre S^^^. Taking into account 
results contained in [87], we can also distinguish between them (3|3)-dimensional 
quantum exotic superspheres E'^''^. These last are classified with respect to the 
equivalence relation induced by quantum diffeomorphisms. 

X=No U P U Ni 



Fig. 5. Representation of an elementary quantum non-linear prop- 
agator V, identified by means of a (3|3)-dimensional quantum su- 
persphcre X = No[jP[jNi, such that dV = X. 

In Fig. 5 is represented the boundary X = dV , of an elementary quantum non- 
linear propagator V , represented as a (3|3)-dimensional quantum supersphere S'^^^. 
Therefore, such quantum non-linear propagators are homeomorphic to a (4|4)- 
dimensional quantum superdisk D'^^^. Fixing a (3|3)-dimcnsional quantum (exotic) 
supersphere X « S'^'^ C Ek, we can embed there (3|3)-dimcnsional quantum su- 
perdisks a^, i = 1, • • • ,p and bj, j ~ 1, - ■ ■ ,g, and consider the (4|4)-dimennsional 
quantum integral submanifold V C Ek, identified by a fixed boundary X. Then we 
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can consider V the quantum non-linear propagator between iVo — Ui<i;<p '^i 

Ni = Ui<,<, bj, such that dV = A^o U ^1, with P = X\(iVoU^O-" 

• It is important to remark that above quantum non-hnear propagators, V, cannot 

be considered regular solutions in the equation (YM) C JD {W), but are nec- 
essarily singular solutions there. However, by considering the natural embedding 
JD^{W) ^ Jl^^iW) we can consider V as regular solution of (YM) C Jl^^{W). 
But, whether Nq is not diffeomorphic to A^i, we cannot say that V is diffeomorphic 
to A'o X D^^^. Hence, the integrable full-quantum vector field ( : V ^ TV, relating 
A^o to A^i, must necessarily be singular one. 

• For any quantum conservation law a of (YM) we have < a, X >— 0, if X = dV, 
where is a quantum nonlinear propagator between Nq and A^i . Therefore we get 
the relation (13) between quantum numbers induced by the quantum conservation 
laws:^^ 



(13) < a,No > ~ < a,Ni >= - < a,P >e B. 

Therefore, identifying quantum nonlinear propagators, for A^o and A'^i, with (4|4)- 
dimensional quantum integral superdisks D^^^ C Ek, we get that the relation (13) 
between the corresponding quantum conservation supernumbers, gives 

P^S^\^\{No[jNi). 

□ 

Similar considerations hold for the observed quantum non-linear propagators. (See 
also [81, 82].) 

Theorem 3.3. The observed dynamic equation {YM)[i], by means of a quantum 
relativistic frame, is a quantum extended crystal super PDE. Moreover, under the 
full admissibility hypothesis, it becomes a quantum 0-crystal super PDE. 

Proof. The evaluation of {YM) on a macroscopic shell i{Mc) C M is given by the 
equations reported in Tab. 4. 



Table 4. Local expression of iYM)[i] C JD'^{i*W) and Bianchi 
idcnity {B)[i\ C JD'^{i*W). 



(Observed Field Equations) {da.R'^"'^) + [Cfjjli, R-'°''^]+ = 


{YMM 




(Observed Fields) 


(Observed Bianchi Identities) {d^[-i-R'^^^^^) + h^f.jf^\-y^iia2] = ^ 





This equation is also formally integrable and completely integrable. Furthermore, 
the 3-dimensional integral bordism group of (yM)[i] and its infinity prolongation 
(Y M)[i]-^-oo are trivial, under the full admissibility hypothesis: 



In the particular case that P = 0, i.e., 9A^o = dN^ = 0, then < a, Nq >=< a, Ni >. 
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So equation (yM)[z] C JD'^{i*W) becomes a quantum 0-crystal super PDE and 
it admits global (smooth) solutions for any fixed time-like 3-dimensional (smooth) 
boundary conditions. Whether Nq p. Ni, has as a consequence that, considering 
the analog boundary value problem in the observed PDE {YM)[i] C J^W, cannot 
exist an observed smooth solution V, representing an observed quantum non-linear 
propagator between Nq and A^i. The corresponding observed quantum nonlinear 
propagator must necessarily be singular one. □ 

4. Some open problems in high energy physics solved 

In this section wc will use the geometric mathematical architecture of the algebraic 
topology of quantum super PDEs previously developed to answer to some important 
open problems in High Energy Physics. 

• Let us, first, consider the following question: "Does exist a linear dependence be- 
tween square mass and spin in a solution of the quantum PDE (YM) ?".20 Wc shall 
see that in general such simple dependence for quantum solutions is not assured, 
but there is a very more complex relation between quantum mass and quantum 
spin. 

Let us recall our some previous results about quantum torsion. 
The quantum vierbein curvature @R identifies, by means of the quantum vierbein 
9 a quantum field S : M Homz(h.^M;TM), that we call quantum torsion, 
associated to /t. In quantum coordinates one can write 

(14) S - dxc ® = 

Furthermore, with respect to a quantum rclativistic frame i : N ^ M, the quantum 
torsion S identifies a A-valued (1, 2)-tensor field on N , S = i* S : N yl(g)R A^A^(8)r 
TN, that we call quantum torsion of the observed solution. 

We say that an observed solution has a quantum spin, if the observed solution has 
an observed torsion 

S = i*S^ dx-y® Sli^dx°'Adx'^ : N A(^kN(8)rA°(7V) = A®uA°{N)(^jiTN 

0<a</3<3 

with S'^p{p) = —Sp^{p) E A, p E N, that satisfies the following conditions, 
(quantum-spin-conditions): 

S = s(g)ii^ 

s = Eo<a</3<3 Scpdx°' Adx^^ : N ^ A®M A§A^, 

Sq/3(p) = -Sfiaip) e A, p e N, 
(16) I i'\S^O 



4 



s^.pr = 



20q 



This question arises from some semiclassical approaches that suggest to consider the following 
relation J ~ a' M^, between angular momentum J and mass M, for a spherical rotating object. 
This is just the philosophy of so-called Regge trajectories. Such linear trajectories are used to 
interpret scattering amplitudes strong reactions and are usually seen as gluonic strings attached 
to quarks at the end points. However there are also more exotic points of view where instead are 
considered pion excitations of light hadrons. (See, e.g., [16].) 
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where ip is the velocity field on N of the time-like foliation representing the quan- 
tum relativistic frame on N. When conditions (16) are satisfied, we say that the 
solution considered admits a quantum spin-structure, with respect to the quantum 
relativistic frame. We call s the quantum 2-form spin of the observed solution. Let 
{^"}o<a<3 be coordinates on N, adapted to the quantum relativistic frame. Then 
one has the following local representations: 

(17) { s^I,,dC Ad^^ }. 

We define quantum spin-vector-field of the observed solution 

(18) I -< e, ^ >= [ef,,xpVr^]de = spde = s^dx^ = d^.Skg"' = 9^5^ 

where e^^Ap = vTffl'^^i'Ap completely antisymmetric tensor density on N. One 

has s''{p) G A, p G N. The classification of the observed solution on the ground 
of the spectrum of js'p = i'^'Sp, and its (quantum helicity), i.e., component Sz, is 
reported in Tab. 5. 



Table 5. Local quantum spcctral-spin-classification of (yAf)[i] solutions. 



Definition 


Name 


c b - {h^s{s-\-l)\s eN - {0,1,2,...}}, Sp{s4p)) C c 


bosonic-polarized 


Sp{\s{p)\^) C f - {h^s{s + = n G N - {0, 1, 2, . . . }}, Sp{s,{p)) C c 


ferm ionic- polarized 


Sp{\s{p)\^) nb = Sp{\s{p)\'^) n f = 


unpolarized 


Sp{\s{p)\^) n b / 0, and/or Sp{\s{p)\'^) nf^0 


mixt-polarized 



|s(p)|^ — s^(j))sp{p) G A, p G A'^. c — {hnis \ms = —s, — s + 1, ■ ■ ■ , s — 1, s}. Sz quantum helicity. 
s= spin quantum number; ms= spin orientation quantum number. 



(YM) is a functional stable quantum super PDE since it is completely intcgrable 
and formally integrable. (See Theorem 2.34 in [82]). For the same reason it ad- 
mits iYM)_^_^ C JD°°{W) like stable quantum extended crystal PDE. Further- 
more, since its symbol g2 is not trivial, any global solution V C (YM) can be 
unstable, and the corresponding observed solution, can appear unstable in finite 
times. However, global smooth solution, result stable in finite times in (YM)^^. 

Finally the asymptotic stability study of global solutions of (YM), with respect 
to a quantum relativistic frame, can be performed by means of Theorem 2.46 in 
[82], since, for any section s : M — )• W, on the fibers of E[s] M there exists 
a non-degenerate scalar product. In fact, E[s] = W, as is a vector bundle 
over M. Furthermore, for any section s, we can identify on M a non degener- 
ate metric g,^^ that beside the rigid metric g on g, identifies a non-degenerate 
metric on each fiber E[s]p = Wp ~ Homz{TpM; g), Vp G M. In fact we get 

Hp) ■ Up)' = (p) ® e'f (P) e A. 

Solutions of (YM) that encode nuclear-charged plasmas, or nuclides, dynamics. 
These are described by solutions that, when observed by means of a quantum 
relativistic frame have at any t Cz T, i.e., frame-proper time, compact sectional 



It should be more precise to denote g with the symbol g[s], since it is identified by means of 
the section s. 
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support Bt C N. The global mass at the time t, i.e. the evaluation 
mt= m{t, ^'=)^det(g„)(i^i A A d^^ 

J Bt 

of such mass on the space- hke section Bt, gives the global mass-contents of the 
nuclear-plasmas or nuclides, in their ground-eigen-states, at the proper time t. 
Whether such solutions are asymptotically stable, then they interpret the meaning 
of stable nuclear-plasmas or nuclides. 

Lemma 4.1. // a solution admits spin structure, then we get \S\'^ 
more in a frame-adapted coordinates we can write 

Sap S"*^ ?/''' 
(19) { =Sc/3S"f 

" 2i 



Proof. Let us first recall that the quantum torsion S : M ^ Ho7nz{A^M\TM) 



and its dual S_ : M ^ Homz{TM; A^M) are defined, for any p £ AI, by the 



compositions reported in (20). 
(20) 




S(p) S(p) 

Then, by taking the pull-back with respect to the embedding i : N ^ M, identified 
by the quantum relativistic frame, we get 

= ^*iSS) = Sip Sf = fll @Rf Ji^ . 

Therefore, taking into account that in the case of solution with spin structure, one 
has S^l^ = Tp^ s^f^ and S^^ = -0^ s„/3, we get (19). □ 

• The following shows how thermodynamic functions can be associated to solutions 
of (YM). 

Let H be the Hamiltonian corresponding to an observed solution of (YM). Let us 
recall that is a A- valued function on the 4-dimensional space-time N, considered 
in the quantum relativistic frame. Let us denote hy E E Sp{H). If N{E) = 
tr S{E — H) denotes the degeneracy of E, let us define local partition function of 
the observed solution the Laplace transform of the degeneracy N{E), with respect 
the spectrum Sp[H) of H. We get 

f m ^S,^^^^e-P^N{E)dE _^ 

(21) I ^J^^^^^e-P^tT6iE-H)dE 
[ ^tie'l^^. 

So we get the following formula 

(22) ZH3) = tie-^" 

where (3 is the Laplace transform variable and it does not necessitate to be inter- 
preted as the "inverse temperature", i.e., f3 = -^i^, where is the Boltzmann's 
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constant. If /? = then the system encoded by the observed solution of (YM), 
is in equilibrium with a heat bath (canonical system). Note that all above objects 
are local functions on the space-time N. The same holds for (3. We can interpret 
Z(P) as a normalization factor for the local probability density 

(23) PiE) = ^N{E)e-^^ 

that the system, encoded by the observed solution, should assume the local energy 
E^ with degeneration N{E). In fact we have: 

(24) 1 = / P{E)dE = i / N{E)e~P^dE = |. 

JSp{H) ^ JSp{H) ^ 

As a by-product we get that the local average energy < E >= e can be written, by 
means of the partition function, in the following way: 

(25) e = -{d(3lnZ). 
In fact, one has 

f e = Js,^f,^EP{E)dE = ^J^^^fj^EN{E)e-f^^dE 

(26) <^ = i Js^^j}^ Mr 6iE H)e-P^dE 

y = ^tr{He-^") = -^{dp.Z) = -(a/3. In Z). 

When we can interpret (3 ~ , then one can write 

(27) e = HBe\de.\nZ). 

Then we get also that the local energy fluctuation is expressed by means of the 
variance of e: 

(28) < [AEf >=<{E- e)2 >= {dl3dl3. In Z). 
Furthermore, we get for the local heat capacity Cy the following formula: 

(29) a = {d9.e) = < (AE)^ > . 

We can define the local entropy by means of the following formula: 

(30) s^-KB [ P{E)\nP{E)dE. 

Jsp{H) 

In fact one can prove that one has the usual relation by means of the energy. Really 
we get: 

.o^^ r ^ =-nB!sp(H)PiE)\nP{E)dE 

^ ' \ ^KB{\nZ + l3e)^{d9.{KBd^nZj). 

Then from the relation s = KB^nZ + /3e) we get e ~ 9s — kbI^Z, hence also 
(ds.e) = 9. This justifies the definition of entropy given in (30). Furthermore, from 

(31) we get also ^\n.Z = e — 9s = f, where /is the Helmoltz free energy. It follows 
the following expression of the local Helmoltz free energy, by means of the local 
partition function Z: 

(32) f = e-9s^-KB9\nZ. 
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Conversely, from (32) it follows that the partition function can be expressed by 
means of the local Helmoltz free energy 

(33) Z = e-Pf. 

So we see that the local thermodynamic functions, can be expressed as scalar- valued 
differential operators on the fiber bundle W[i] x^TqN ^ N. 
The concept of quantum states can be also related to a proof for existence of solu- 
tions with mass-gap. In fact, we have proved that equation (VM) admits local and 
global solutions with mass-gap. These are contained into a sub-equation, (Higgs- 

quantum super PDE), (Higgs) C (KM), that is formally intcgrablc and completely 
integrable, and also a stable quantum super PDE. If H^{M\ K) = 0, [Higgs) is also 

a quantum extended crystal super PDE. In general solutions contained in {Higgs) 
arc not stable in finite times. However there exists an associated stabilized quantum 
super PDE, (rcsp. quantum extended crystal super PDE), where all global smooth 
solutions are stable in finite times. Furthermore, there exists a quantum super 
partial differential relation, (quantum Goldstone-boundary), (Goldstone) C (YM), 
bounding (Higgs), such that any global solution of (VM), loses/acquires mass, by 
crossing (Goldstone). 

Example 4.2. Now, let us answer to the question: "Do pictures in Fig. 4 repre- 
sent possible smooth integral manifolds, i.e., solutions, of (VM), or (Y'M)[«], with 
respect to a quantum relativistic frame i 7" 

Taking into account above results on (VM) and (VM)[i], we can answer, "yes", 
accepted that the initial and final Cauchy data have the same quantum numbers, 
identified by the quantum conservation laws of (VM) and (VM)[i] respectively. 
Furthermore, we can state that such solutions must necessarily be singular ones, 
since in order that should be smooth, it is necessary that V should be diffeomorphic 
to No X Z)^l^ or Nq X /. Then in such a case we should also have Nq = A^i. There- 
fore we can conclude that quantum nonlinear propagators representing reactions 
considered in Example 2.11 cannot be smooth solutions, but singular ones. 

Lemma 4.3. The quantum mass of a solution of {Y M) can be written, in coordi- 
nates adapted to a quantum relativistic frame, in the form reported in (34) . 

(34) m=]^\S\^ -]^K + m.@ + m.i^. 

Proof. The quantum Hamiltonian can be written in the form reported in (35). 

(35) H = @H + @H + ^H. 

This follows directly, by considering the expression for the quantum Hamiltonian, 
by using the splitting induced by the quantum superalgebra q, and by taking into 
account the condition that the solution admits a spin structure. The corresponding 
calculus is reported in (36) and following ones. 



(36) 



- 2y®^K - ®l^ap®^K ) 

= ®H -\- @if + i^H. 
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In coordinates adapted to the quantum relativistic frame, we get that ip — Sq, and 
since 

we get ®R^f} ^^If^^Q and = 5°^ ^ l„p 

(37) 



\S? ~ \s? = ©IJ'K ®RaB ®R'r 



1/3 ©^"-if 

~0 —if Dif 
®f^K®f^O ®J^al3®^K 

5UR^p®^Rf + k 

®Rap ®R'k + ^ 



with 

(38) A = [®Rap,®J^o]®R%^ + ©V-K ®Rap[®R'i^ i®J^o]- 

So. in general, we can write 

(39) @R^,@R'^J^ ^\S\'~A 

and by using equation (36) we get the expression (40) for the quantum Hamiltonian 
in terms of quantum torsion. 

(40) H=l\S\'-^A + @H + ^.H. 

As a by-product, we get that the quantum mass of an observed sohition by means of 
a quantum relativistic frame i : N ^ M, of (FM)[i], the alternative representation 
(34) in terms of quantum torsion. □ 

Definition 4.4. Let us define reduced quantum mass of an observed solution by 
means of a quantum relativistic frame i : N ^ M , of {Y M)[i\: 

M = m + — A — m(c) — rm^. 

Theorem 4.5. There is the following direct relation between reduced quantum mass 
and quantum torsion: 

M = \\S\\ 

Definition 4.6. Let us define phenomenological quantum spin of an observed so- 
lution by means of a quantum relativistic frame i : N ^ M , of {YM)[i], a A-valued 
quantum scalar J such thatP^ 

Vj^\s\'. 

Corollary 4.7 (Quantum Rcgge-type trajectories). There is the following direct 
relation between reduced quantum mass and phenomenological quantum spin: 

(41) = i J. 

4 

We call quantum Regge-type trajectories the relation (41) between quantum square 
mass M"^ and the phenomenological quantum spin J . 

• Another question, in a sense related to the previous problem, is the dynamical 
justification of the Gell-Mann-Nishijima formula. This actually has not yet found 



^^The natural meaning of \/j is the A-valucd function on A'^, such that: \/j y/j = J. 
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5V=(aub)uPuc 


5V'=buP'u{a'uc) 


1 














1 


ap=(aauab)uac 


dP'=dbKj(da'^dc) 



Fig. 6. Representation of a quantum nonlinear propagator V, for 
a reaction a + 6 — > c, and its quantum nonlinear anti-propagator 
V, corresponding to the reaction 6 — > a' + c, obtained for quantum 
crossing symmetry. 



a dynamical derivation. ^"^ Really dynamical characterizations of hypercharge and 
S*'' isospin component, can be obtained by means of electric charge, by giving the 
dynamical expression of this last quantity with respect to a quantum relativistic 
frame. This is obtained in the following theorem. 

Theorem 4.8 (Quantum GcU-Mann-Nishijima formula and clcctric-chargc-gap-so- 
lutions). We define square- fundamental electric charge of an observed solution V 
of {YM)[i], the littlest value in the spectrum Sp{w) of the observed quantum elec- 
tromagnetic energy w, and denote it by . We say that V has an electric-charge 
gap if q^ > 0. (In general q^ > 0.) The quantum electric charge, Q{t), of an 

observed solution V of {YM)[i], at the proper time t, is expressed by the formula 
(42). 

(42) Q2(t) = 4 [©R^,©Kk + *^it^*^?;,A' + ®B^,®Bh< + ©B§©B'„K + *^o1*^Sa-] ®veA 

where rj = ^/glj d£,^ A A d^"^ is the canonical space-like volume form on at C V . 
This last is the Z- dimensional space-like sub-manifold of V at the time t. Further- 
more, we caZ/ quantum hypercharge, Y{t), (resp. quantum 3*''-isospin component, 
13(1)), at the proper time t, the elements of the quantum (super) algebra A, such 
that holds the formula (43) (quantum Gell-Mann-Nishijima formula). 

(43) Q\t) = (/3(t) + \Y{t))\ Vt e A 

where A is the definition time-set of the considered solution of (Y M)[i]. 



The more interesting effort in this direction was an heuristic semiclassical justification given 
in [15]. 



24 



AGOSTINO PRASTARO 



The spectral content of Q{t) is given by Sp{±\J Q{t)'^). 



• There exists an open sub-equation {Y M)[i\w C (yM)[2], quantum electromagnetic- 
Higgs PDE, that is formally integrable and completely integrable, where live all solu- 
tions with electric- charge gap. The boundary d{Y M)[i]w = {Y M)[i]w \ {YM)[i]yj C 
{YAi)[i], is a partial differential relation that we call quantum electromagnetic- 
Goldstone boundary and denote by {Goldstone)[i]^ . An electrically neutral con- 
nected, simply connected, ^i- dimensional Cauchy data N C (KM)[i], cannot be 
contained into {YM)[i]w. Let V be a quantum nonlinear propagator, such that 

dV = NqUPUNi, with No C (YM)[iluj and Ni (/_ {YM){i\.-^. Let us assume that 
Nr, r ~ 0,1, are connected, simply connected particles, hence Nq has an electric- 
charge gap. The particle Ni, instead cannot have electric- charge gap. Thus, V, by 
crossing {Goldstone)[i]w , loses its electric- charge gap, passing from Nq to Ni, and 
vice versa. 

Proof. The solution V identifies a quantum-electric-charge field = i/'J i? = @i? + 
(c)E -\- qfE and a quantum- magnetic-charge field B = ip\ {*R) = @B + (c)B ~\- qtB. 
Assuming that the solution V has a quantum spin, one has @E = 0. (See [82].) 

Then the quantum electro-magnetic-charge energy of the solution of {YM)[i] is 

given by equation (44). 

(44) 

Therefore the quantum electromagnetic energy of the space- like set at is given by the 
expression on the right in (42). We define quantum electric charge contained, at the 
proper time t, into a space-like set at C V, Q{t) € A, such that (5^(i) = J^^ w'SSr].'^* 

Then equation (43) gives a dynamical definition for Y and I3. 

To prove the last part of the theorem it is enough to consider the continuous 

mapping w : {YM)[i] — > A, defined by means of equation (44). Set (YM)[i]^ = 

{w)-^{G{A)) C (YM)[i]. Then (YM)[i\^ is an open quantum PDE of (YM)[i\, 
hence retains the same formal properties of this last equation. The rest of the 
proof follows the same line of the ones of Theorem 3.28 in [82] about solutions 

with mass-gap. Let us only emphasize that a neutral particles A'o C (yM)[i], with 
trivial topology, i.e., connected and simply connected, cannot admit £ Sp{Q{t)), 

whether Nq C {YM)[i]yj, since in {YM)[i]u], one has A > 0, for any A G Sp{w). 
Furthermore, if the quantum nonlinear propagator V is such dV ~ Nq U P U Ni, 

assuming that A^i ^ (FAf)[i]t„ and that it has trivial topology, then A^i cannot 

have electric-charge gap, hence V crossing {Goldstone)[i]io must necessarily lose 
electric-charge gap. □ 

Remark 4.9. Theorem 4-8 does not necessarily contradict the conservation of the 
quantum electric charge. In fact, we can have two Cauchy data a, b d {YM)[i]w 



^"^This is justified taking into account that the electric charge contained into a 3-dimensional 
set having the electromagnetic energy VK, is = 2C W, with C the capacity of this set. Therefore 
= i.e., the formula (42) is normalized with respect to a factor form K,^i^i,tyi^^^ti^.^gg(t) = 

1 

2C(t) ■ 
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and another one c (t (Y M)[i]-uj, such that < q,a >= — < q,b 0, where < 
q,a la f ® ^ ^ — Jb f Vj with f the function under integral in (42). 

Furthermore, let < q,c >= 0. Then in the integral hordism classes [a U b = Nq] 
and [Ni], one has < g, [a U b] >= =< q,c> . Therefore, for a quantum nonlinear 

propagator V, such that dV ~ Nq U P U Ni of {YAI)[i] one has < a,a > + < 
a, b >= — < a, P >, for a — q, since < q,P >= 0. This is surely down since P is 
a time-like manifold having 2-dimensional space-like sections at, hence < q,P >= 

From Theorem 4.8 and Remarks 4.9 it follows the following important theorem. 

Theorem 4.10 (Q-exotic quantum nonlinear propagators of (FM)[i]). For any 
observed quantum nonlinear propagator V of (Y M)[i], such that dV — NqUPUNi, 
where Ni, i = 0,1, are Z-dimensional space-like admissible Cauchy data of {Y M)[i], 
and P is a suitable time-like Z- dimensional integral manifold with dP = dN^UdNi, 
equation (45) holds. 

(45) g[i|io] - QNti] mod Q[V] £ A 

where Q[i\tr] € A is the quantum electric charge on Nr, r = 0, 1, and £l[V] € A, 
is a term that in general is not zero and that we call lost quantum electric-charge. 
We call Q-exotic quantum nonlinear propagators, quantum nonlinear propagators 
such that £l[V] 7^ e A.^^ 

Proof. The proof follows the same strategy of one considered to prove Theorem 

3.20 in part I [88]. In fact the gauge invariance of equation (yM)[z] produces a 
quantum integral characteristic 3-form, in the sense of Lemma 3.19 in part I, that 
has a structure similar to ujh. Let us denote such a conservation law by 



Ljy = {ujg)o «) d^^ A Ad^^ + ^ {u}y)i ® A A • • • A d^* A 

l<i<3 



with d^*, absent, i = 1,2,3, and {ujq)a{p) & A, for p £ V. The quantum electric 
charge, on a space-like section at oi V, is given by means of ojq, by the following 
equation 

Q[i\t] = / iojg)oU(^de Ade Ade. 



Therefore we have 

QWo] ~ QWi] = J (ujq), (E)d^° Ad^^ A---Ad4^' A---Adf = Q[V]. 

In general £l[V] ^ 0, hence we get Q[i\to] = QWi] mod £l[V]. We caU £l[V] e A 
lost quantum electric- charge of the observed quantum nonlinear propagator V of 
(yM)[i]. In other words, in general one has -jf.Q{t) £ A. □ 

Remark 4.11. In the Part III we will further characterize Q-exotic quantum non- 
linear propagators as nonlinear effects of exotic quantum supergravity. 



agrees with the conservation of the observed quantum Hamiltonian. See Theorem 3.20 
in [88]. In fact, the observed quantum electromagnetic energy is a form of quantum energy, even 
if, in general, it does not coincide with the observed quantum Hamiltonian. 
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• In the following we shall prove that the phenomenological crossing symmetry in 
particle reactions is well justified in the Prastaro's algebraic topology theory of 
quantum super PDE. 

Theorem 4.12 (Quantum crossing symmetry). // (YA!) admits a quantum non- 
linear propagator V such that dV = Nq IJ P IJ Ni , with Nq ~ a U b and Ni — 
c U d U e, then there exists also a quantum nonlinear propagator V' such that 
dV = %[jP'[JNi, with N[ = a' U b' and iV^ = c' U rf' U e', where the primed 
symbols denote antiparticles. This property is called quantum crossing symmetry. 
Similarly there exist quantum nonlinear propagators between a U 6 U c' and dU e or 
between b and a' U cU dU e.'^^ 

Proof. This follows from the general relation between quantum integral bordism 
groups and quantum integral characteristic conservation laws. (See [74].) In fact if 
there exists a quantum nonlinear propagator V such that dV = A^o [jP[jNi, with 

No = aUb and iVi = cUdUe, then this means that Ni G [Nq [jP]e Bor':^^^^'\ hence 

^0 {jPyjNi e [0] e Bor^^^^'^ . Since antiparticles reverse quantum integral char- 
acteristic numbers, it follows that for any quantum integral characteristic conserva- 
tion law a of {YM"), one has < [a], [iVolJ-PU^i] >= =< H, [N[[jP'y]N^] >. 
Therefore, iN[[jP') € [Nq] G Bor^^^^\ hence there exists a quantum nonlinear 
propagator V' such that dV = N^IJ P' [J N[. Note also, that as by-product, we get 
that there exist a (3|3)-dimensional quantum integral supcrmanifold P', such that 
dP' = dN[ U dN^, similarly to what happens for P, namely dP = dNo U iVi. This 

means that one has dN[ e [9iV^] e and dNi € [dNo] £ f^2|2*^^ Similarly 

one proves existence of the other reactions obtained from crossing symmetry. For 
example to the quantum nonlinear propagator V, such that dV = (a U 6) IJ P IJ c, 
corresponds for quantum crossing symmetry, the following quantum nonlinear prop- 
agator y, such that dV = b[jP' [j{a' U c), where P' is the anti-P. (See Fig. 6 for 
a representation of P and its anti-P.) There are cases where can exist more than 
only one anti-P. 

□ 

• The following theorem answers to the question: "Do exist massive photons ?". 

Theorem 4.13 (Existence of quantum massive photons). The quantum super 

Yang-Mills equation (YM) admits solutions that starting from a Cauchy data Nq = 
aUb, where a represents a quantum electron and b a quantum positron, bords Ni , 
representing a quantum massive particle. Any annihilation e+ -t- e~ — >■ 7 -I- 7, must 
necessarily generate a quantum virtual massive photon, say 7™, before to produce a 
couple of massless photons 7. Conversely a quantum massive photon decays giving 
7m ^ e+ + . 



"The crossing symmetry is a well-known property in the reaction particles phenomenology. 
These, besides a set of other symmetries and phenomenological conservation laws constitue the 
Holy Bible for particle-reaction physicists. (See Tab. 7.) In Tab. 7 are reported also two quantum 
reactions related by means of crossing symmetry. These are the neutron decay and neutrino 
detection.) 
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Fig. 7. In the figure on the left it is represented a couple of zero- 
mass photons (c ^ (Higgs)) and massive photons (c' C (Higgs)). 
The quantum non-linear propagator V hording a couple of mass- 
less photons (yellow particles) with electron-positron (a U b) has 
a Goldstone piece (black quantum virtual particle). This is iden- 
tified with a massive photon. In other words the annihilation of 
electron-positron generates a virtual massive photon before to pro- 
duce a couple of massless photons. The quantum non-linear propa- 
gator V' hording the massive photon (black) with electron-positron 
(a' U b') has not a Goldstone piece, since it is completely inside 

(Higgs) C (YM). This is a massive photon decay. In the figure 
on the right, it is represented a quantum nonlinear propagator, 
V, hording massive couple of antiparticles, and having a part out- 
side (Higgs) (the grey region). In this case we can talk of two 
Goldstone pieces in V, i.e., there are two massive photons (black 
particles) related by V. 



Proof. Let us first identify a quantum massive photon with a quantum massive 
particle 7m with decay into an electron-positron couple. We know that from The- 
orem 3.28 in [82] can exist a quantum propagator V' hording a' U b' with c', where 
a' U 6' is a couple electron-positron and c' is a massive particle, hence all contained 
in (Higgs) C (YM). On the other hand, from the standard Compton scattering 
7 + — > + 7 we say, for crossing symmetry, that holds the following reaction 
(annihilation electron-positron): e+ + e~ — >■ 7 + 7. Theorem 3.28 in [82] assures 
the existence of a quantum nonlinear propagator V such that dV = Nq Li P Li Ni, 
where Nq, is contained in the sub-equation (Higgs) C (YM), and A^i ^ (Higgs). 

Therefore V, should cross the Goldstone boundary (Goldstone) C (YM), hence 
V should contain a Goldstone piece. This proves that the annihilation electron- 
positron implies to pass across a quantum massive photon: (Note that whether it is 
permitted the reaction e^ + e^ — > jm, for crossing symmetry it is also permitted the 
decay 7™ — > e~ +6"^.)^^ In Fig. 7 are represented productions of quantum massless 

27a 

ctually there are attempts to give experimental evidence to the existence of massive pho- 
tons. (Visit (Thomas Jefferson National Accelerator Facility, Newport News, Virginia, USA), and 
[5].) Massive photons can be identified with neutral massive bosonic particles. In the particle- 
zoo these could be identified with so-called vector bosons, like neutral p-mcson and i^-mcson and 
Z'^-boson, all having spin 1. 
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photons and quantum massive photons with respect to the constraints (Higgs) and 
{Goldstone) in (YM). Whether e+ and e" coUide at high energy, their annihilation 
can be reversed into a massive couple of mesons U . In other words there 
exists a quantum nonlinear propagator V , hording e^Ue^ with D+UZ?^, such that 
dV = (e"*" U e^) U P[J{D~^ U D~), where P is an integral quantum supermanifold, 
partially outside {Higgs), but yet contained into (YM). (See Fig. 7.) □ 

From above considerations, wc sec that the concept of massive photons can be 
generalized to more large set of particles. 

Definition 4.14 (Quantum anti-particles and quantum massive photons). We say 

that two quantum, massive, electric charged particles a U a' C (YM) are quantum 
anti-particles, if they have the same mass and opposite quantum numbers. 
We call a-quantum massive photon a quantum massive uncharged particle, having 
a decay into a couple (a, a') of quantum massive, electric charged anti-particles. We 
denote such a quantum massive photon with the symbol 7^, or simply 7,„, if no 
confusion can arise. Therefore, we can write 7^ a + a' . 

Theorem 4.15 (Existence of a-quantum massive photons). For any couple {a, a') 
of quantum massive, electric charged anti-particles, there exists a a-quantum mas- 
sive photon ^f^. 

Proof. The proof can be obtained by analogy of the one for Theorem 4.13. □ 

Example 4.16 (Existence of p-quantum massive photon). Since it is permitted the 
Compton scattering p -\- 717 p -\- 717, for suitable n € N, it is also permitted for 
quantum crossing symmetry the following one p + p 2n^. Therefore, a virtual 
p-quantum massive photon 7^ necessarily exists.'^^ 

Definition 4.17 (Quantum massive neutrinos). We say that a quantum, massive, 
quasi-particle with zero electric charge is a quantum massive neutrino, if it admits 
a decay into a couple (neutrino, anti-neutrino) of the same type. 

Theorem 4.18 (Existence of quantum massive neutrinos). The quantum super 

Yang-Mills equation {YM) admits solutions that represent decays of quantum mas- 
sive neutrinos. 

Proof. In fact, we can find a quantum nonlinear propagator V C (YM), such that 
dV ^ Nq\JP\JNi, where Nq = aUb CI (YM), with (a, b) = {ve,Ve) <t [Higgs), 
and A^i = c U d C (Higgs), with (c,d) ia couple of antiparticles in the sense of 
Definition 4.14. Then, necessarily V must cross (Goldstone), hence identifies a 

'^^From some experimental results it is well-known that the annihilation p+p produces photons 
7, through intermediate reactions and decays coming from massive particles. (For example: p -|- 
p SttO, p-l-p ^ 27rO -I- ?7, p -I- p ^ 7r° -I- 2?7, tt" ^ 27, r; ^ 27, ^ e+ -|- e" 27.) Therefore, 
the virtual p-quantum massive photon 7^ has a very complex structure, made by a collection of 
massive particles, like mesons tt and rj, bosons like and leptons e^, all inside {Higgs). Note 
that in the virtual massive photon 7^ enters also the vector boson that is more massive than 
proton, (rrip = 0.938 GeV/c^, mz = 91GeV / and m-w = SOGeV / .) This means that virtual 
massive photons can have very large masses. (See Remark 4.23.) Massive intermediate vector 
bosons and , were predicted from Steven Weinberg, Abdus Salam and Sheldon Glashow 
in 1979 (Nobel award 1979) and experimental discovered by Carlo Rubbia in 1983 (Nobel award 
1984). 
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massive quasi-particle, say C {Higgs). Then, applying the quantum crossing 
symmetry to the reaction t^e + i/g — > i^m — > c + d, we get also the reaction d + c — > 
i^rn ~^ i^e + t'ej there exists a quantum nonlinear propagator of (YM) that 
encodes such a reaction. This proves that the massive, neutral particle decays 
into the couple (i^e, S'e), therefore Vm is a massive neutrino. 

Let us emphasize that neutrinos are of three different type: i>e, i^fj, and called e- 
neutrino, ^-neutrino and r-neutrino respectively. They differ for the type of decay 
that produce them. For example see (46). 






In 46) the dot-arrows and dash-arrows starting from W~ arc alternative to the 
full-arrows and between them. In all these cases there is an intermediate produc- 
tion of a quasi particle or W^. Such quasi-particles can be usually produced 
when a massive solution cross (Goldstone) . Therefore from this point of view we 
should have a further argument to consider the usual neutrinos masslcss particles, 
according to the GcU-Mann's standard model. However, the quasi-particles W± 
cannot be considered massive neutrinos, since they do not decay into a masslcss 
couple (neutrino, anti- neutrino). Instead Z'^ has all the properties to be considered 
a massive neutrino ! □ 

Example 4.19 (What dark matter is ?). Theorem 4-18 agrees with the experimen- 
tal fact that the annihilation of the couple {ve,Ve) produces a Z^ massive boson. 
This last can again decay in the couple the couple [ue,De), or in a couple lepton- 
antilepton, or quark- antiquark, according to energy level considered. For example: 

(47) Z^e + Ve 

+ Pe ^ Z° ^ e+ + e~ 

9 + 9 

In (47) dot-arrow and dash-arrow starting from Z'^ are alternative to the full- arrow 
and each other one. Then the Z boson can be considered a massive neutrino when 
decay into the couple (i/e,i^e)- The quantum crossed symmetry reaction -\- Ve ^ 
Z^ , is an example showing how masslcss particles can cross [Gladstone) , producing 

massive particles inside [Higgs). The reaction, + — > — > v^ + Ve, obtained, 
by quantum cross symmetry, from the reaction in the middle line of (47), shows 
that the annihilation of the couple (e~,e^), when it is enough energetic, produces 

a massive quasi-particle Z^ , before to destroy its mass, crossing [Gladstone), and 
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producing the couple of massless particles (i/e,j^e)- This clarifies that the energetic 
level of an electric- charged, massive couple (particle, antiparticle) decides whether 
in a scattering will produce a massive photons or a massive neutrino .'^'^ 
Let us also emphasize that the so-called "dark matter" can be interpreted as mas- 
sive virtual particles codified in Theorem 4^.13, Theorem 4-15 and Theorem 4. 18. 
In other words "dark matter" can be considered a generic term to identify vir- 
tual massive particles produced when a solution of the quantum super Yang-Mills 
equation (YM), crosses the Goldstone boundary, coming inside the Higgs quantum 
super PDE, (Higgs) C (YM) contained into (YM). This interpretation for "dark 
matter" could theoretically support some recent experimental observations where 
positron fraction is stably increasing at high energy levels, that are just necessary to 
produce massive photons, massive neutrinos and other a-quantum massive photons, 
according to the above quoted theorems. See [3] for recent experiments that should 
suggest existence of "dark matter" in the sense here specified.^^ 

• The following theorem answers to the question: " Do quarks are fundamental 
particles ?' 

Theorem 4.20 (Quarks break-down). Quarks are not fundamental particles. 

Proof. The proof can be obtained easily by considering Theorem 4.13. In fact for 
any quark q, we can associate an anti-quark g, so that (q, q) is a couple of mas- 
sive, electric-charged anti-particles in the sense of Definition 4.14, hence there exist 
massive g-photons 7^. In other words there exist quantum nonlinear propagators 
allowing reactions q -\- q ^ nj, n € N. In these reaction quarks arc transformed 
in particles that do not contain quarks, hence quarks are broken-down ! To similar 
conclusions one arrives by considering Theorem 4.18. In fact, by considering the 
quantum reaction q -\- q — > — > -\- v^, obtained by means of quantum cross 
symmetry of the reaction in the bottom in (47), we see that the mass of the couple 
(q,q) completely desappears and appear particles that arc not made by quarks. In 
other words quarks break-down. □ 

• In the following we give a precise meaning to the concept of observed quantum 
time and to the so-called time- energy uncertainty principle. This is possible thanks 
to our geometric theory of quantum (super) PDE's.'^^ 



guess by B. M. Pontecorvo and V. N. Gribov [29, 59], in order to explain the so-called 
mystery of the missing solar neutrinos, assumed that neutrinos have some oscillations that charac- 
terize their different types. But such oscillations require massive neutrinos at least for T-neutrinos 
and /i-neutrinos. This fact does not agree with the standard model. On the other hand, from 
Theorem 4.18 we can understand that massive neutrinos can be identified with some energetic 
levels of the quasi- particle Z'', and that non-electron neutrinos can retain their usual property to 
be massless particles. 

'^'^Production of virtual 7r+ decaying into positrons and neutrinos, can be obtained by means 
massive photons identified with virtual states into 7-nucleons interactions. This is a new point of 
view looking to long-studied 7r+-photoproduction. (For general information on pions photopro- 
duction see, e.g., [18, 20, 21] and references quoted therein.) 

'^"'^The exact interpretation of the time-energy uncertainty principle was remained an open 
problem, and not even universally accepted, (see, e.g., L. Landau). Really in order to directly 
apply the Heisenberg uncertainty principle to the (time, energy) couple, it is necessary to define the 
meaning of the time as a noncommutative variable, with respect to the energy. But the proper time 
of a quantum relativistic frame is a commutative variable ! (See [79].) (See also some attempts to 
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Definition 4.21 (Quantum relativistic observed time). Let V C (YM) be a so- 
lution of (YM) and let g : M ^ Homz{ToM;A) be the quantum metric in- 
duced by the quantum graviton, identified by the solution V. Then a quantum 
relativistic frame ip = {i : N M,g}, where {N,g) is a pseudo-Riemannian 4- 
dimensional manifold, endowed with a time-like flow, identifies on N a A-valued 
metric i*g : N ^ . We define quantum relativistic observed time, between 

two points pi, P2 € N, belonging to a same flow line of rp, the A-valued quantum 
length t[pi,p2] € A, calculated with respect to i*g. (For more details see [79] .j 
We call spectral content of the quantum relativistic observed time the spectrum 
Sp{i\pi,p2]) ofi[pi,p2]. 

Proposition 4.22. The quantum relativistic observed time cannot, in general, co- 
incide with the proper time of the quantum relativistic frame. 

Proof. In fact the length of the arc considered in above proposition differs whether 
measured with respect to g or to i*g, even if one has the case A = R ! This can 
be seen by a direct calculus, by using coordinates {C"}o<q<3, with = t the 
proper time of the relativistic quantum frame "0. Then the arc length between the 
points pi , p2 belonging to the same flow line , passing for pi and p2 , is given 

by s[Pi,P2] = I[p,,p2] = \/ 9api"i'^ dt = /jj^^j^j y/mdt = t2 - ti, assuming 

goo = 1- On the other hand wc have i[pi,p2] = /[p^^p^] /[ti,t2] V\^*9(s) dt S A, 
where 7 = (pp^ o i. (For more details see [79].) In the particular case that A = M, 
we have that i[pi,p2] G R, as well as s[pi,p2], but J*g(s) is different from (l)*_^g. □ 

Theorem 4.23 (Quantum virtual anomaly-massive particles). A quantum virtual 
massive quasi- particle can have an observed mass, in the reaction where it appears, 
larger than the observed energy of incoming particles entering into the reaction.^^ 
However this does not really contradict the Einstein's conservation mass-energy 
equation. 

Proof. The justification of this fact, that should appear contradict the Einstein's 
equation of mass-energy conservation E = mc^, is justified by the Heisenberg's 
uncertainty principle. (This is, really, not more a "principle", but a "theorem". 
See, [65].) In fact, adopting notation used in [65], the uncertainty relation for the 
commutator [quantum — time, quantum — energy], can be written as reported in 
equation (48). 

(48) a\H)<j^i)>^\<[H,t^>\\ 

Thus in quantum processes, localized in very short "observed quantum-time", as 
could happen in the case of virtual particles creation, one could have large masses, 

solve this problem by Dirac [17] and L. I. Mandclshtam and I. E. Tamm [44].) Actually the time- 
energy uncertainty principle is justified by means adopting the Mandelshtam-Tamm's point of 
view. But that approach is not satisfactory, since it refers to a generic auxiliary non-commutative 
variable, say B, that has nothing to do with energy and time. Furthermore, in that description 
time remains a commutative variable, and one identifies the velocity ^ with a finite ratio, i.e., 
= . In fact one uses the following modified uncertainty relation: AB -^J^ > h. Then by 

"dF 

using the approximation ^ = one obtains AB ^ ft! At AE > h. But At AE > h is a no 

"dT 

sense, since t is a commutative variable ! 
■^^See, e.g., Example 4.16. 
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independently from the initial energy-mass content. However, this argument does 
not contradict the Einstein's conservation mass-energy equation ! In fact, the 
concept of "quantum-time" is only an apparent time, different from the proper 
time of the quantum relativistic frame, and existing with respect to the interac- 
tion quantum-system-quantum-relativistic-frame. Instead the proper time of the 
observer, belongs to M, hence commutes with the hamiltonian. In other words 
with respect to this proper-time, the Heisenberg's uncertainty principle does not 
apply. □ 



Definition 4.24 (Apparent quantum observed time in quantum reaction). We 

call (observed) apparent quantum time in a quantum reaction, cr'^{t) entering in 
equation (48). 

Example 4.25 (Quantum time and strengths of the fundamental interactions). An 

experimental way to use the concept of quantum time and apparent quantum time, 
is to estimate the type of interaction present in. In fact, by using the Heisenberg 
uncertainty relation At AE > h, applied to the quantum time and the strengths 
of the interactions, it is possible to guess the type of interaction from the observed 
interaction time. In Tab. 6 such a correlation is reported. There are also reported 
Planck's constants and quarks masses for any related convenience. 
• For example, if one observes a decay into an apparent quantum time cr^(t) sa 
10^^^ s, one can state that it is a strong decay (or quantum- gravity decay) there. 



Table 6. Quantum time and strengths of the fundamental interactions. 



Apparent interaction time 


Interaction type 


10-10 s 


Weak 


10"" s 


Electromagnetic 


10-23 s 


Strong (quantum-gravity) 


h = 6.584 X 10-25 GeV s. 



Coinparisoii with Planck's constants, election, proton and quark mass-energies 


Planck length 






Quarks 


Mass- energy 


charge 


S' 


c 


B' 


T' 


Planck mass 


trip, = =2.176 X 10-' Kg 




np (n) 




+1 














Planck energy 


Bp, = mp, = yjif = 1.22 X 10'" GeV 




down (d) 


o.;s 
















Planck time 


tp, = = —JL-^ = = 5.391 X 10-" s 




charm (c) 


1.25 


+1 





+1 








Planck charge 


il„l = V'lireo'ic = 1.875 X 10-" C 




strange (s) 


0.5 




-1 





C) 





Planck temperature 


Op' = ^ = \j^ = ^■"''^ 




top (t) 


91.00 


+1 











+1 


me ^ 0.51 X 10-^ GtV 


mp - 0.938 GeV 




bottom (b) 


4.8 


~3 








-1 






Baryon number quarks B — Baryon number antiquarks B — {S' ,C' , B' ,T'} — 
Mass-energy in GeV. me = electron mass-energy, mp — proton mass-energy. 



i,charm,bottomness,topness}. 



• An annihilation quark- antiquark, should be observed into an apparent quantum 
time a'^{t) ~ 3.61 x 10^^^, 1.097 x 10~^^s. (Look the quark masses reported in 
Tab. 6. The first refers to t -\- 1 and the last to u -\- u.) 

• Similarly an annihilation electro-positron, should be observed into an apparent 
quantum time a'^{t) w 6.582 x 10^^^ s. (Look the electron mass reported in Tab. 
6.) 

• In the following we characterize the concept of confinement for quantum systems. 
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Table 7. Phcnomcnological conservation laws in quantum reac- 
tions and symmetric reactions. 



Xanie 


Symbol 


Conserved 


R em ark 


Bar yon number 


B 


yea 


B = ^{riq — Jijj) -^Arig 

[uq = number of quarks, Jiq = number of antiquarks). 


Electric charge 


Q 


yes 


^ = /3 + (e = electron's elecetric charge) (See Theorem 4.10.) 
(Gell-Mann-Nishijima formula). (See Theorem 4.8.) 


Color charge 




yes 




Energy-mass 


E = mc'^ 


yes 


(See Theorem 4.2;i.) 


Isospin 


I 


yes in strong int. 




3-Isospin 


h 


yes in strong int. 




Lepton number 
Electronic lepton number 

Muonic lepton number 

Tauonic lepton number 


L = + Lf, + Lr 

Lr 


yes 
yes 

yes 

yes 


L = ni — Jif 

(71; = number of leptons, ti^- = number of antileptons). 

Le = — 

(ti^— = number of electrons+electron-neutrinos) 
(jie-h-j-t) , = number of positrons+electron-antineutrinos). 

Lfi = n^^„^ - n^j^,-,^ 

(7i^_l_jj = number of muons+muon- neutrinos) 

(ji^_l_y = number of antimuons-|-muon-antineutrinos). 

L-r = Tlr + ij^ — nf-\-ij^ 

(jir-|-K^ = number of tauons+tau-neutrinos) 
(jir-|-£/T — number of antitauons+tau-antineutrinos). 


Strangeness number 


S' 


yes in strong int. 


AS' = 1 in week int. 


Hyper charge 


Y 


yes in strong int. 


no in week int. 


Crossing symmetry 




yes 


71 — > p + e~ + fc'e t'e + P — >■ + 
(neutron decay)^(neutrino dedection). 


CPT symmetry 


CPT 


yes 


CPT =(charge-conjugation) (parity) (time- reversal) 



Hypercharge: V = B + S' + C + B' + T', flavour = S' , C , B' ,T') — (3- isospin, strangeness, charm, bottomness,topneas). 
/3 = ^{Anu — And) = 3-Isospin is the 3"*-component of isospin I. S' = —Ajis. C" = Anc. B' = —Ani^. T' = Ant. 
Y = ^[Anu + And - 2(An, + Ant) + 4(Anc + Ant)], An, = 11, - nij. 
For complementary information see Wikipedia - List of particles. 



Definition 4.26 ((De)confined quantum system). • A solution V of (YM) encodes 
a confined system if the spectrum Sp{H{q)) of the corresponding quantum Hamil- 
tonian, has non-empty point spectrum: Sp{H{q))p ^ 0, for all q Cz V. Then we 
say also that V is a confined quantum solution. 

• When a solution V of (YYI) has non-empty point spectrum only in some subsets 
N of V , then we say that V encodes a partially confined system and that N encodes 
the deconfined subsystem. Then we say also that N is the quantum deconfined part 
of the solution V . 

• Whether a solution V of (YM) is such that the following two conditions are 
satisfied: 

(i) SpiH{q))p ^0,for all q G V; 

(ii) Sp{H{q))c ^ 0, for all q e V ; 

then we say that V encodes a confined system that can be deconfined. 
Theorem 4.27 ((De)confincment criterion ). Let us define the following set-mapping: 

kerA : A 

kerA(a) [j\eSp(d) kcr(a - Ae). 



(49) 



Then a solution V of (YM) encodes a confined system (or a confined system that 
can be deconfined), iff'keT/\{H{q)) D {0} G A, \fq € V. 

Furthermore, there exists a quantum deconfined part N G V of V , iff there exist 
points q £ V , such that kcT/x{H{q)) = {0} £ A. 

Proof. Let us note that if Ai 7^ A2 G Sp{a)p, then (d — A.; e), i ~ 1,2, is not injective 
and ker(d — Ai e)nker(a — A2 e) = G A. Instead, if A G Sp{a)c[J Sp{a)r, then 
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(a — Ae) is injective, hence ker(a — Ae) = {0} C A. Therefore, m the points q & V 
where V encodes a confined quantum system, or a confined quantum system that 
can be deconfined, then necessarily kerA(-ff((z)) D {0} S A. Instead, in the points 
q (z V, where V encodes a deconfined quantum system, then necessarily must be 



• Let us conclude this paper by answering to the following question: "Does quantum 
Majorana neutrino exist ? ".^^ 

Definition 4.28 (Quantum Majorana neutrino). We define quantum Majorana 
neutrino a quantum massive, electrically neutral fermionic particle, its own an- 
tiparticle, identified with a Cauchy data of the quantum super Yang-Mills PDE 



Theorem 4.29 (Existence of quantum Majorana neutrino). The quantum super 
Yang-Mills PDE {YM) admits quantum nonlinear propagators V C {YM) such that 
dV = NqUPUNi, where Ni can be identified with Majorana neutrino. Furthermore, 
the following propositions hold. 

(i) A complex quantum quasi- particle exists that is a quasi neutralino, and that we 
call quantum Majorana neutralino. This contains two Majorana neutrinos other 
than two Higgsinos and two supersymmetric partner of the couple [veii^e)- 
ill) V is homeomorphic to a quantum {A\A)- super disk with two attached super- 
handles. 

Proof. Let V C {Y M) be a quantum nonlinear propagator in (YAd) such that 



with Nq = U W" and Ni = Z° U This is possible since V represents the 
reaction W^-^-W" — !• + that splits in the intermediate decays — )■ fe + e"*", 
W~ — Pe + e~ and reactions 6+ + e~ ^ Z", i^e + i/e ^ -Z^"- A representation by 
means of elementary bordisms is given in Fig. 8. Let us, now, consider the following 
lemmas. 

Lemma 4.30 (Boson and Fermion quantum super PDEs). In the quantum super 
Yang-Mills PDE, {Y M) there exist two disjoint, open PDEs (Boson) C (YM) 
and (Fermion) C (YM), that we call respectively Boson-PDE and Fcrmion-PDE, 
that are formally integrable and completely integrable. Solutions of (Boson) , (resp. 
(Fermion), are boson-polarized, (resp. fermion-polarized). 

Proof. With respect to the definitions in Tab. 5, we can write A — b U f U n, 
where n=A\hU f .'^^ We identify such disjoint subsets as equivalence classes of an 
equivalence relation TZva A and endow the quotient A/TZ with the quotient topology, 

question arises from the paper Symmetrical theory of electron and positron, published 
by E. Majorana [43], about a solution of the Dirac equation, where he first showed existence of 
a massive, electric- neutral, spin i, solution, that coincides with its anti- particle. This solution is 
now usually called Majorana neutrino. Existence of this particle should allow the so-called neutri- 
noless double beta decay of some nuclei. (See, e.g., this beautiful link http:/ /thy.phy.bnl.gov/ vo- 
gelsan/GGS/Wilkerson.pdf.) 

■^^Let us emphasize that b is not empty since a = Ti^ s{s -\- 1) idA, s = n £ {0, 1, 2, ■ ■ ■ }, belong 
to b. Similarly f is not empty since a = h? s{s -\- 1) idj^, s = '^"^^ , n 6 {0, 1, 2, ■ ■ ■ }, belong to f. 



ker^(H(q)) = {0} eA. 



□ 




(50) 



dV ^ NqUPUNi 
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Fig. 8. Quantum nonlinear propagator representing a reaction 
generating Majorana neutrinos, identified with supersymmetric 
partners of the vector boson In the figure one has put: 

a = b = W~ ^ c = d = e+, e = e~, f = Vf,, h = Zq, 

g — Zq. Furthermore, i, /, to, n arc the massive quasi-particles 
identified by means of the intersection of the quantum nonhncar 
propagator V with the Goldstone quantum partial differential re- 
lation (Golstone), (represented by a red-circle in the picture). The 
quantum nonlinear propagator V, source supersymmetric partner 
of V, can be similarly pictured. 

by means of the projection n-jz : A — >■ A/TZ. Then the mapping [H] = tt-jz o H : 
(YM) — >• A/TZ is continuous. Let us emphasize that A/TZ = {[b], [f], [n]} is a discrete 
topologic space, since b, f and n are disjoint subsets of A. Therefore [b] and [f] are 
open subsets of A/TZ. As a by-product we get that (Boson) = [iJ]~^([b]) C (YM) 
and {Fermion) = [H]~^{[f\) C (YM), are open PDEs contained in (YM), hence 
retain the formal geometric properties of the quantum super Yang-Mills PDF. □ 

Lemma 4.31 (Supersymmetric partners of particles) . Cauchy data Nq C (Boson), 

(resp. Ni C (Fermion)), are called hosonic particles, (resp. fermionic particles 
All the bosonic particles (resp. fermionic particles), belonging to the same inte- 
gral hordism class in (Boson), (resp. (Fermion)), are considered dynamically 

equivalent. // there exists a quantum nonlinear bordism V of (YM), such that 
dV = Nq U P U where Nq is a bosonic particle and Ni is a fermionic par- 
ticle, and P is an integral quantum supermanifold, such that dP = ONq U dNi, 
then we say that (Nq,Ni) is a couple of supersymmetric partners. The following 
propositions are equivalent. 

(i) (No,Ni) is a couple of supersymmetric partners. 

(ii) < a,NQ > + < a,Ni >= — < a, P > , for any quantum conservation law a of 



Proof. The equivalence of propositions (i) and (ii) follows from Theorem 3.6 in part 



(YM). 




□ 
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Lemma 4.32 (Supersymmetric partners quantum nonlinear propagators). Let No 
and Ni be respectively initial and final Cauchy data in a quantum reaction in (YM), 
such that No = bi U ■ ■ ■ U br U fi U ■ ■ ■ U fs and Ni = bi U ■ ■ ■ Ubf U fi U ■ ■ ■ U fs, 
with bi, i ~ I,-- - ,r, and bj, i = I,-- - ,f, bosonic, and fj, j ~ I,-- - ,s, /j, 

j = 1, ■ ■ ■ , s, fermionic. Let V be a quantum nonlinear propagator of (YM) such 
that dV ~ NoUPUNi, and dP = dNoUdNi. Then there exists a quantum nonlinear 
propagator V of (YM) such that dV = NoUPUNi, and dP = dNo U dNi . We call 
V the quantum supersymmetric partner of V. Therefore to any quantum reaction 
there corresponds a quantum supersymmetric partner reaction. 

Proof. This follows from Lemma 4.31 and from the commutative diagram (51), 
holding for any quantum conservation law a of (YM). 

(51) < a,No > + < a,Ni > = - <a,P> 



< a,No > + < a,Ni > = - < a,P > 

□ 

Now from Lemma 4.32 applied to quantum nonlinear propagator (50), we sec that 
its supersymmetric partner V, represents the following reaction + W~ — > 
Z'^ + Z". Here is just a massive neutral fermionic particle, its own antipar- 
ticle. Thus Z° can be identified with a Majorana neutrino. '^^ Therefore, we can 
conclude that Majorana neutrinos can be identified with possible products of quan- 
tum reactions in (YM), and the proof of the first part of the theorem is down. 
In order to prove (i), let us emphasize that the quantum nonlinear propagator V, 
identifies also a complex quasi-particle, that we call quantum Majorana-neutralino, 
i^Maj-neutraiino = id , h, i, I , m, n) . Here i and m, are the supersymmetric partners 
of massive neutrinos, Vm, Vm, identified in Theorem 4.18, and m and n, are super- 
symmetric partners of Higgs quasi particles, (say Higgsinos), according to Theorem 
4.13 and Theorem 4.15. In other words the quantum super-Majorana-neutrino is 
a quasi neutralino. This last has two photinos (the supersymmetric partner of 
photons) instead of the couple {i7f.,Ve). So it appears that the name is justified ! 
In order to complete the proof, i.e., to prove proposition (ii), let us remark that dV 
belongs to the same singular integral bordism class of a quantum exotic homotopy 

(3|3)-supersphere, E'^'^, since ^^^^l^ = 0. However, V is not homeomorphic to 

D^^^, but to a (4|4)-superdisk with two attached super-handles. This means that 
the corresponding observed solution by means of a quantum relativistic frame i : 
N — )• M, is necessarily a singular solution of (yM)[i].^^ □ 
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